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Dynamic Vertical Climbing: Bioinspiration, Design, and Analysis
Abstract
Biologists have proposed a pendulous climbing model, the Full-Goldman (F-G) template, that abstracts
remarkable similarities in dynamic wall scaling behavior exhibited by radically diﬀerent animal species.
This thesis presents a progression of work related to dynamic vertical climbing based on that model.
We begin by describing the inspiration, design, implementation of and experimentation with the ﬁrst
dynamical vertical climbing robot. We study numerically a version of the pendulous climbing template
dynamically re-scaled for applicability to utilitarian payloads with conventional electronics and actuation,
revealing that the incorporation of passive compliance can compensate for an artifact’s poorer power
density and scale disadvantages relative to biology. However, the introduction of these dynamical
elements raises new concerns about stability regarding both the power stroke and limb coordination that
we allay via mathematical analysis. Combining these numerical and analytical insights into a series of
design prototypes, we document the correspondence of the various models to the variously scaled
platforms and report that our approximately two kilogram platform, DynoClimber, climbs dynamically at
vertical speeds up to 1.5 bodylengths per second — in particular, the ﬁnal 2.6 kg prototype climbs at an
average steady state speed of 0.66 m/s against gravity on a carpeted vertical wall, in rough agreement
with our various models’ predictions.
We establish whether the success of the robot is inherent to the morphology suggested by the F-G
template or, instead, to a fortuitous set of parameter choices during the robot’s design. Thus we examine
the eﬀects of (i) actuator dynamics and (ii) lateral force generation on climber stability by investigating a
sequence of reduced order variants of the F-G template. We prove analytically that a purely vertical
climber is stable for a general class of actuator force functions, and use that result to further simplify our
models by allowing the prescription of leg length. We use that simpliﬁcation to demonstrate that a
sprawled posture stabilizes vertical climbing by damping rotational motion during stride transitions. We
also notably demonstrate through simulation that a climber’s stability does not depend on the actuation
frequency it employs.
Finally, we explore the potential beneﬁts of pendulous dynamical climbing in animals and in robots by
examining the stability and power advantages of variously more and less sprawled limb morphologies
when driven by conventional motors in contrast with animal-like muscles. For quadratic-in-velocity power
output actuation models typical of commercially available electromechanical actuators, our results
suggest the new hypothesis that sprawled posture may confer signiﬁcant energetic advantage. In notable
contrast, muscle-powered climbers do not experience an energetic beneﬁt from sprawled posture due to
their suﬃciently distinct actuator characteristics and operating regimes. These results suggest that the
beneﬁts of sprawled posture climbing may be distinctly diﬀerent depending upon the details of the
climber’s sensorimotor endowment. This study also shows that even minimally intelligent foot placement
improves stability when compared to the template-derived rigid sprawl.
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ABSTRACT
DYNAMIC VERTICAL CLIMBING
BIOINSPIRATION, DESIGN, AND ANALYSIS
Goran A. Lynch
Daniel Koditschek
Biologists have proposed a pendulous climbing model, the Full-Goldman (F-G) template, that abstracts remarkable similarities in dynamic wall scaling behavior exhibited by
radically different animal species. This thesis presents a progression of work related to
dynamic vertical climbing based on that model.
We begin by describing the inspiration, design, implementation of and experimentation
with the first dynamical vertical climbing robot. We study numerically a version of the
pendulous climbing template dynamically re-scaled for applicability to utilitarian payloads
with conventional electronics and actuation, revealing that the incorporation of passive
compliance can compensate for an artifact’s poorer power density and scale disadvantages
relative to biology. However, the introduction of these dynamical elements raises new
concerns about stability regarding both the power stroke and limb coordination that we
allay via mathematical analysis. Combining these numerical and analytical insights into
a series of design prototypes, we document the correspondence of the various models to
the variously scaled platforms and report that our approximately two kilogram platform,
DynoClimber, climbs dynamically at vertical speeds up to 1.5 bodylengths per second —
in particular, the final 2.6 kg prototype climbs at an average steady state speed of 0.66 m/s
against gravity on a carpeted vertical wall, in rough agreement with our various models’
predictions.
We establish whether the success of the robot is inherent to the morphology suggested
by the F-G template or, instead, to a fortuitous set of parameter choices during the robot’s
design. Thus we examine the effects of (i) actuator dynamics and (ii) lateral force generation on climber stability by investigating a sequence of reduced order variants of the F-G
template. We prove analytically that a purely vertical climber is stable for a general class
vi

of actuator force functions, and use that result to further simplify our models by allowing
the prescription of leg length. We use that simplification to demonstrate that a sprawled
posture stabilizes vertical climbing by damping rotational motion during stride transitions.
We also notably demonstrate through simulation that a climber’s stability does not depend
on the actuation frequency it employs.
Finally, we explore the potential benefits of pendulous dynamical climbing in animals
and in robots by examining the stability and power advantages of variously more and
less sprawled limb morphologies when driven by conventional motors in contrast with
animal-like muscles. For quadratic-in-velocity power output actuation models typical of
commercially available electromechanical actuators, our results suggest the new hypothesis
that sprawled posture may confer significant energetic advantage. In notable contrast,
muscle-powered climbers do not experience an energetic benefit from sprawled posture
due to their sufficiently distinct actuator characteristics and operating regimes. These
results suggest that the benefits of sprawled posture climbing may be distinctly different
depending upon the details of the climber’s sensorimotor endowment. This study also
shows that even minimally intelligent foot placement improves stability when compared to
the template-derived rigid sprawl.
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Chapter 1

Introduction
Over the past decade, robots have been built with increasingly perceptive sensors, ever
more powerful computers, and manipulators that are safe enough for human interaction.
The utility and scope of these robots, however, are fundamentally limited by their abilities
to navigate unstructured environments.
While wheeled and tracked vehicles excel on relatively level and smooth surfaces, legs
allow robots to navigate substantially more complex terrain, often with minimal sensing
requirements. Legged machines can scramble up and down hills, over large piles of rubble,
and navigate drastically disparate surfaces without a skilled human operator or, in some
cases, even exteroceptive sensors. Indeed, sensorless robots have proven themselves to be
surprisingly agile and capable of running over varied, roughly horizontal terrain.
The characterization of terrain is relative, however.

An object which qualifies as

“roughly horizontal” terrain for the Great Dane-sized quadruped BigDog might present
a vertical cliff for its Terrier-sized smaller sibling, LittleDog. Thus, to build robots of
human-portable size which are capable of surmounting the obstacles on even a modest
hiking trail, the ability to climb is vital.
Previous climbing robots have emphasized solving the problem of attachment to a
substrate, and have moved slowly and carefully on vertical surfaces (see Chapter 2 for this
historical context). This methodical, slow, vertical robotic locomotion stands in contrast to
the apparent ease with which animals are able to run across level ground and subsequently
run up a vertical surface. This thesis studies not the attachment of a climber to its
substrate, but instead the forces a climber ought apply to climb dynamically — to run up
walls.
Since previously-existing robots have not climbed vertical surfaces with substantial
kinetic energy, biology provides the only examples of vertical running and is therefore
a natural starting point for this work. Biologists studying the vertical locomotion of
1

geckos and cockroaches made a very notable observation: despite differing in limb number,
skeletal structure, and even phylum classification, these species demonstrate similar ground
reaction force and mass center patterns when climbing on vertical surfaces. Moreover, both
animals’ ground reaction forces are not purely vertical as might be expected, but instead
contain significant lateral components (peak lateral forces are 50% of the magnitude of
peak vertical forces). Based upon this discovery, Full and Goldman created a simulation
model, the Full-Goldman Template (hereafter, F-G template or model), which represents
the motion patterns of these animals.
This thesis presents a robot, DynoClimber, which anchors the F-G template. This robot
is intended not as a utilitarian platform, but instead as a dynamics testbed. Never before
has the design of a robot been so closely dependent upon a locomotion template, and,
because of this close relationship, the success of DynoClimber validates the F-G template
as an effective model of planar vertical locomotion.
Following DynoClimber’s confirmation that the F-G model generates stable locomotion
when embedded in a physical anchor, we address a number of questions initiated during the
design and successful testing of the robot. We first question why a sprawled posture and
the resultant generation of alternating lateral forces might be beneficial. By introducing
reduced-order variants of the F-G model, we identify the mechanism through which a
sprawled posture effectively damps out otherwise-unstable rotational motion. Finally, we
demonstrate through simulation that a muscle-equipped climber responds differently to
changes in sprawl angle than does one driven by a motor.

1.1

Organization

Part I, comprised of Chapters 3–5, details the design process for DynoClimber. Chapter
3 describes the way in which a 2 g animal template is scaled up by 3 orders of magnitude
to represent a 2 kg robot. This scaling argument reveals that the power density required
for the robot to be “dynamically similar” to the template is only achievable if the robot is
equipped with a passive-elastic energy storage mechanism. In Chapter 4, we demonstrate
that the climber’s motor-driven vertical power stroke is stable, empowering us to use a
“self-exciting” power-maximizing control scheme. We subsequently present a self-exciting
leg coordination controller which provably attracts the climber’s legs to the desired limit
cycle — and moves them at maximal speed along that limit cycle — regardless of motor
or system parameters. Chapter 5 presents the implementation details of DynoClimber as
well as results from the robot, including data demonstrating that DynoClimber’s motion
patterns approximate those of the F-G template. Finally, this chapter includes data from
the fastest vertical climbing yet demonstrated by a legged robot, with sustained vertical
2

speeds exceeding 66 cm/s.
Although DynoClimber’s empirical results confirm that a robot based on the F-G template can climb with remarkable success, this fact does not provide an explanation as to
why the salient design features of both robot and template ought generate successful vertical running. Thus, in Part II, comprised of Chapters 6–8, we approach dynamic climbing
from a scientific perspective. Chapter 6 introduces a hybrid systems framework through
which we define several reduced-order variants of the F-G template. Chapter 7 generalizes
the power-stroke model first seen in Chapter 4 and proves that an entire class of actuators (including the previously introduced case) yield stable, period-1 vertical locomotion.
Chapter 8 addresses the contribution of sprawl to climbing stability. First, we show that
unsprawled pendular climbing is inherently unstable, and then proceed to establish the
mechanism by which a sprawled posture stabilizes a climber by examining the numerically
determined 1-dimensional return map of a yet further-reduced order variant of the F-G
template.
These hybrid, simplified models are used again in Part III, comprised of Chapters 9 and
10, to isolate and understand the effect of actuator choice on a climber’s behavior. Chapter
9 introduces the two binary design choices we investigate. We present four models, each
of which uses either motor- or muscle-based actuation, and either “smart” or “blind” foot
placement. Chapter 10 presents simulation results that identify the contrasting effects of
motor and muscle dynamics on a climber’s behavior.
Chapter 11 concludes the paper and summarizes the contributions drawn from each
chapter.
While we have gone to some length to ensure that notation is consistent between each of
the paper’s parts, due to the large volume of model and variable definitions, some symbolic
redundancy has proven inevitable. When a variable has been defined in multiple locations,
please refer to the definition from the same part of the thesis.

1.2

Contributions

This thesis has three categories of contributions to the engineering and biology literatures.
First, this thesis presents several results which together argue that actuators which explicitly maximize power output are both beneficial and safe when used in dynamic climbers.
The design process for DynoClimber demonstrates that achieving adequate power density is a primary design challenge for a dynamic climber, and a provably correct powermaximizing, self-exciting coordination controller is introduced as a method of improving
power output. This controller markedly improves DynoClimber’s vertical speed with little
tuning cost. To ensure that the power-maximizing controller will not have a destabilizing
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effect, we define a set of general actuator properties and prove that any actuator which
has those characteristics will generate stable, period-1 gaits when applied to a vertical
power-stroke model of climbing. Further to the point that actuation does not strongly
influence stability, we provide evidence that a pendulous climber’s rotational stability is
actuation-frequency independent. Finally, we show that the interplay of actuator and
climber dynamics can significantly affect an actuator’s power output and therefore vertical speed. Together, these results convey that actuator power output is perhaps the
critical feature in determining a climber’s vertical performance, and designers are nearly
free from stability concerns as they design power-maximizing actuation schemes. These
actuator-based results also incite a discussion of possible biological repercussions.
Second, stemming from the empirical and analytical results pertaining to sprawledposture climbing, we present a set of biological implications and hypotheses. We first
demonstrate convincingly that the F-G template is capable of generating stable dynamic
climbing in a physical anchor. By determining the mechanism by which sprawl stabilizes otherwise unstable vertical locomotion, we establish a possible evolutionary pressure
for sprawled posture in animal climbers. Moreover, we also present the minimum sprawl
required for stable climbing as a simple ratio of two physical parameters. This relationship may prove useful to biologists: should the F-G template and, indeed, our reduced
order variants of it capture the dynamics of animal’s high-speed vertical locomotion, measurements from animals ought adhere to this minimum sprawl requirement. Finally, we
demonstrate that even unsprawled climbers can be stabilized with sensed foot placement,
indicating that animals which bound up vertical surfaces either use intelligent foot placement or require a template distinct from the F-G model to describe their locomotion.
Our third set of contributions centers on the design insight generated by our sprawlposture results. While DynoClimber has demonstrated the potential for robots to climb
up vertical surfaces at animal-like speeds, the subsequent research presented in this thesis
will assist in the design of future, utilitarian climbing platforms. Sprawl is shown to be an
extraordinarily efficient and specific method of damping rotational movement, inciting designers to employ a sprawled posture instead of, for instance, a more active form of rotation
control or by a simple mechanical rotational damper. Moreover, by presenting stability
thresholds as a ratio of step and body lengths, we provide designers with a reference for
what sprawl angle is required for stability given a robots’ dimensions, and, perhaps more
importantly, an intuition for how parametric changes affect climbing behavior.
This thesis thoroughly fleshes out the implications of the F-G template for both animal
and robot climbers. Through a combination of robot design and analysis, we build an
increasingly complete understanding of dynamic vertical climbers.
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Chapter 2

Background
Since our work is informed by and influences two primary directions of research, in this
chapter we present the most relevant existing literature from biology and engineering. We
first present a summary of recent climbing robots, and then present previous work done
with biological locomotion templates.

2.1

Climbing robots

Whereas robots designed to traverse level ground must be primarily concerned with the
dynamic aspects of locomotion, climbing robots present two principal distinct challenges:
a climber must be able to attach to the climbing substrate and progress vertically against
gravity.

2.1.1

Attachment

Attachment to a substrate is prerequisite to any other climbing challenges; without successful attachment, climbing is impossible. Not surprisingly, the vast majority of preceding
robotic climbing research has focused on methods of attaching a robot to a vertical substrate. As a result, a large variety of methods have been developed, from the purely
synthetic to the strongly bioinspired. We therefore present in this section an account
of climbers which preceded DynoClimber — the first legged robot to explicitly consider
dynamics.
A number of robots have been devised to inspect, surveil, or aid in the construction of
man-made structures with purpose-built attachment mechanisms: permanent magnets [46]
and suction cups [17, 63, 72] have been suggested for tank inspection and surveillance, while
powerful grippers have been designed to cling to the frames of buildings under construction
[12]. Each of these attachment mechanisms, however, is tailored to a specific substrate or
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substrates: magnets are only able to cling to certain metals, suction cups are only suitable
for those textures against which a seal may be established, and grippers must be used in
environments with attachment points of the appropriate size, shape, and relative locations.
Platforms consisting of vacuum pumps attached to tracked or wheeled chassis have also
been suggested for inspection of vertical or even overhanging terrain [101, 100]. This
attachment method allows a robot to cling to surfaces regardless of their surface texture,
though at a substantial energetic cost.
Many robots have also taken cues from biology. Human rock climbers place their limbs
on specific “holds” on a wall and carefully shift their center of mass within that base of
support, an approach employed by the robots in [13, 16].
Other climbers are less dependent on specific foot placement locations. Geckobot and
Waalbot [97, 75, 74] and Mini-Whegs [26], all climb using adhesive feet. These robots all
have the potential to climb a variety of surfaces, but suffer to various degrees from the
persistent issue of adhesive “clogging” when climbing dirty surfaces. To date, no true geckolike self-cleaning adhesives have been synthesized at sufficient scale for robotic applications.
Electrostatic adhesion has been suggested as a means of attachment to surfaces of various
textures with reduced clogging problems, and has been implemented on a preliminary
testbed [79].
A strongly bioinspired approach has been devised for attachment to textured vertical
surfaces. Taking cues from cockroaches, the SpinyBot series of robots [52] and RiSE V1-2
[10, 96] use arrays of compliant microspines [9] to cling to the small asperities on brickor stucco-like surfaces. For wooden surfaces or those with larger asperities, dactyls have
proven effective [10, 42].

2.1.2

Dynamics

Given the aforementioned focus on attachment, only recently have researchers begun to
investigate what it means to climb dynamically. In a level-ground context, “dynamic” running typically refers to a locomotive mode in which the runner experiences a loss of static
stability at points throughout its stride, significant kinetic energies, or both. This definition, though imprecise, applies to each of the subsequently discussed dynamic climbers.
Degani et al. have developed minimalist dynamic climbing platforms, all of which
which “jump” between parallel vertical surfaces, moving upward by leveraging the friction
developed at each impact. The Dynamic Single Actuated Climber (DSAC) [30], and the
Dynamic Tube-Ascending Robot (DTAR) [28] each climb by using a single actuator to
move a large mass side to side. ParkourBot [29] similarly climbs between two opposing
vertical surfaces, in a manner reminiscent the movement demonstrated in human parkour.
6

It introduces energy not with a rotating or swinging mass, but instead uses two springloaded legs which release their stored energy upon impact with the (vertical) wall. Analysis
of this climber’s locomotion occurs through an adaptation of a standard saggital-plane
bipedal Spring-Loaded Inverted Pendulum (SLIP) model[29]. Each of the climbers in this
family forsake all static stability in order to climb parallel surfaces, and indeed are unable
to maintain altitude without active movement.
Provancher’s group has developed the ROCR platform [51, 81], which swings a massive
tail to alternately rotate the left and right sides of its body upward on a vertical wall. First
designed to climb on a metallic surface using an electromagnetic attachment mechanism
[51], a subsequent version of the robot ascends vertical carpet using a similar attachment
mechanism to that of DynoClimber (described in Chapter 5 of this thesis) [81]. ROCR
moves dynamically to maximize climbing efficiency; by driving its single actuator at a high
rate of speed, the robot achieves maximal efficiency and its .55 kg body ascends vertically
at 15.7 cm/s (.34 bl/s).
RiSE v3.0 [42] (see Fig. 2.1) is quadrupedal legged climber unique among dynamic
climbers to date as the only one to ascend a real-world substrate. It employs a semi-bound
gait to climb vertical telephone poles at over 22 cm/s (.33 bl/s at 5.4 kg). This robot
contains a number of innovative electrical and mechanical design features to achieve these
speeds. Its innovative design elements include: pancake-style brushless motors to maximize
power density; a variable gear ratio crank that gives each leg a larger gear ratio in stance
(i.e. when that leg is in contact with the ground) than in flight, effectively avoiding the
over-gearing which plagued its predecessor RiSE v1-2 [10, 42]; and a variable-length linkage
which increases the force the robot is able to squeeze with upon contact with the pole. An
image of this robot is depicted in Fig. 2.1.
The robotic subject of this thesis, DynoClimber, was the first robot to climb dynamically [22], and its design is described in Part I. Like the other climbers in this section,
DynoClimber is explicitly designed as a testbed for dynamic climbing. In contrast to the
other climbers, it is designed to replicate the motion patterns of rapidly climbing animals
for both biological and engineering study, and it achieves peak vertical speeds of 66 cm/s up
vertical carpet-covered walls (1.5 bl/s at 2.6 kg). This speed is the fastest known climbing
by a legged robot, in both absolute and scale-dependent terms.1

1

See Chapter 3 for a discussion of dynamic scaling applied to legged robots
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Figure 2.1: RiSE v3.0 on the substrate it is designed to climb.

2.2

Locomotion templates

From cheetahs running across level ground to geckos running up vertical or even inverted
surfaces to frogs leaping great distances, the animal kingdom provides examples of astonishing locomotive behaviors. It thus comes as no surprise that designers of legged robots
look toward biology for cues. Unfortunately for the engineer, aspects of animal morphology are hard or impossible to synthetically replicate or control. The number of joints
and muscles alone in most animals pose a nearly insurmountable set of electromechanical
design problems. Compound this difficulty with the high power density and built-in elasticity of muscle and the parallel computation of animals’ nervous systems, and the task of
emulating an animal’s locomotive system in its full complexity appears impossible.
The paradigms of bioinspiration and biomimetics differ in a locomotive context in that
the former does not seek to replicate the structure of the animal but rather its patterns of
motion. In this way, bioinspiration releases designers from the crippling complexity engineered through evolution. Moreover, by establishing motion patterns common to multiple
animal species, biologists are able to better understand the evolutionary benefits conferred
by the underlying force patterns, despite their often vastly different realizations.
As described in [32], a template is a locomotion abstraction, comprised of a low dimensional mathematical model, whose dynamics replicate the ground reaction force and center
of mass motion patterns exhibited by a designated group of animal species while capable
8

of being dynamically anchored [32] in their detailed morphology in a manner discussed at
length in [48]. Once a model is hypothesized as a template, it may be used for a variety of
purposes, including inciting testing of additional animal species, mathematical analysis to
establish the consequences of replicating the motions of the template, and informing the
design of legged robots.
Before discussing vertical locomotion, we first outline the research that has been done on
three distinct level-ground locomotion templates. Each of these templates have, to varying
extents, been tested against biology, analyzed mathematically, and used as the basis for
robot designs. Our work in this thesis fits into and extends the intellectual tradition of
bioinspiration; this section reviews that tradition.

Figure 2.2: Two proposed sagittal plane templates throughout their respective strides.
(a) The vaulting template for walking locomotion, and (b) the Spring-Loaded Inverted
Pendulum (SLIP) model for dynamic running locomotion.
The first model we discuss is the rigid or vaulting inverted pendulum, depicted in Fig.
2.2a, hypothesized as a template for saggital-plane walking [21, 20]. While the stiff-legged
walker does not adequately describe key elements of walking animals’ motion patterns
[64, 34], the model has found substantial use in the engineering community. It model has
been anchored by a number of passive-dynamic walkers (first proposed in [71]), and is
capable of producing extremely efficient gaits that require almost no additional energy to
maintain forward velocity. The stiff legged walker is a fascinating example of successful
engineering despite a negated biology hypothesis.
The spring-loaded inverted pendulum (SLIP) template, shown in Fig. 2.2b, describes
9

sagittal plane motions during horizontal-ground running. This template, in contrast to
its stiff legged relative, has been verified to model the sagittal plane motion of all animals
whose level running ground reaction forces have been measured, and the stability properties
of the SLIP model have been investigated through numerical simulation and return map
analysis [98, 56, 93, 36]. The analysis in [56] is especially relevant for its relationship to
the work in this thesis. The authors present a 1 degree of freedom reduction of the SLIP
template and look at the stability properties of the resultant 1-dimensional return map by
using energetic arguments to bound that return map’s slope. A similar result, albeit with
different implications, is presented in Chapter 7. The SLIP template has gained widespread
acceptance in the robotics community, and has been anchored successfully in a number of
running and hopping robots [82, 8, 23, 55, 87, 77, 14].
The lateral leg spring (LLS) model [90] is a relatively new locomotion template designed
to represent the horizontal plane motion of sprawled runners. Biological hypotheses about
the passive mechanical stabilizing effects of sprawled posture[60] incited the development
of the template, which has also seen substantial stability analyses performed [90, 6]. The
approach of [91] in analyzing the behavior of LLS is especially influential to Part III of
this thesis. In that paper, the authors equip an LLS simulation with physical parameters
— including a muscle model — designed to represent a cockroach. The authors then
simulate the model and demonstrate that the resultant gait and motion patterns represent
the animal “reasonably well”. Though a separate hypothesis drives the research, a segment
of Part III effectively mirrors the approach in [91], and we use the muscle model from [91]
as the basis for an actuator and demonstrate that the resultant climbing resembles that
of a real roach. Only Recently have efforts to anchor this template in a physical platform
been undertaken. [57, 94].
While the three templates discussed above all deal with different aspects of level-ground
locomotion and establish the intellectual context for our work, we now transition to the
vertical realm. Recent biomechanical studies of geckos [11] and cockroaches [37] running
on vertical terrain reveal an unexpected dynamic feature. Both species exert significant
lateral forces as they climb; they pull to the side with up to 50% of the force they apply
downward. Consequently, both animals’ mass center trajectories exhibit oscillatory lateral
motions. The striking similarity between the animals’ motion patterns is especially notable
considering their completely different body plans and evolutionary histories. The FullGoldman (F-G) model [37] was developed and hypothesized as a template to accurately
model these common ground reaction force and center of mass patterns.
The F-G model thus becomes the starting point for our thesis. Much as researchers
have done with level-ground locomotion templates, we present a physical artifact as well
as simulation and analytical results. Together these intertwined research branches allow us
10

to build an understanding of the template and, consequently develop insight into both the
robot designed from the template and the animals which inspired it. Part I of this thesis
presents DynoClimber, the first robot based the F-G template. The design procedure given
here is, perhaps, the most direct example of transference from novel biological template
to robot design yet undertaken. In Part II, we provide a first analysis of the template’s
stability. Finally, in Part III, we use a reduced order model of the template as a tool
to investigate a new hypothesis pertaining to the prospective advantages of employing a
sprawled posture while climbing.
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Part I

DynoClimber
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Overview
Part I, details the design and empirical results from the world’s first dynamic climbing
robot, DynoClimber. While the subsequent parts of this thesis deal with simplified models
separate from the immediate requirements of robot design, this part presents the design
process which begins with a biological template and concludes with results from the world’s
fastest legged climbing robot.
This part is organized according to the following progression of bioinspired concepts,
engineering implementation challenges, our proposed solutions, their partial mathematical verification, and consequent empirical validation. Section 3.1 reviews the motivating
bioinspiration, presenting the original Full-Goldman template model [37] and recounting
its origins in animal climbing studies. Section 3.2 motivates and uses scaling arguments
to explore the consequences of a 3 order of magnitude increase in mass. This increase is
necessitated by the goal of an engineered artifact that might be realized as a utilitarian
robot in the near term using present commercially available components. However, the
template model [37], when scaled up to the prescribed utilitarian mass and length, entails
a power density beyond the range of contemporary commercial actuators.
We consider this problem in Section 3.3, and after reviewing the principal design alternatives, settle on an actuation scheme that addresses the power density deficit in two
related ways. First, we place a spring in parallel with the motor as a means of smoothing
its power output over the stride, thereby reducing the peak power requirement to the point
of plausible recourse to commercial off the shelf (hereafter, COTS) actuators. Second, we
abandon the assumption that the resulting power train will simply deliver the prescribed
leg length trajectory over time in favor of a force control policy. Recognizing our true
affordance is in reality limited to prescribing motor terminal voltages, such a policy seeks
to extract as much work against gravity as the motors can deliver.
The introduction of this more realistic explicit actuation model complicates the template by exposing it to new “internal” dynamics in two ways. First, the body mass now
experiences ground reaction forces through the coupled parallel spring-motor dynamics
raising the possibility that the resulting new (hybrid) forced spring-mass system might fail
to converge to the period-1 climbing gait demonstrated by the template. Second, since the
actuators’ phases are no longer prescribed but emerge through their dynamical interactions
with the mass, we must introduce an explicit coordination scheme to keep them pulling in
alternation rather than bunching together in a phase-locked (“pronking”) mode.
Accordingly, in Chapter 4 we study the simplest useful mathematical representations
of isolated versions of these new sources of climbing dynamics to insure that our solutions
do not introduce stability problems — at least in decoupled configurations. In Section
13

4.1, we consider a hypothetical perfectly coordinated climber and examine in isolation the
power train dynamics: the actuator and passive spring coupled in parallel to a one (purely
vertical) degree of freedom climbing mass. After deriving the model’s return map, we
prove formally that it climbs with the desired stable, period-1 gait over a broad regime in
parameter space relevant to the range of physically interesting designs. Then, in Section
4.2, we present a succession of two force controlled actuator coordination strategies. We
reject an initial hybrid force/mirror-law scheme following early empirical tests (relevant
data reported in Section 5.2), then replace it with a “self-exciting” force control scheme
that seems likelier to extract more of the actuators’ work against gravity. We examine an
abstracted version of this coordination scheme and prove mathematically the stability of
the desired anti-phase limit cycle.
Informed by these numerical and mathematical analyses, we proceed in Chapter 5 to
relate their impact upon the actual physical implementation, and document its efficacy by
presenting data obtained from a series of actual climbing experiments. An initial design
achieved in physical hardware yielded a working version of the template inspired climber
— historically, the first dynamical vertical climbing robot. However, this preliminary
design, while dynamically similar to the template, did not achieve the targeted climbing
speed: the foregoing numerical and mathematical analyses suggested a series of design
modifications which, when implemented now exhibited the desired dynamics but with a
far more favorable climbing speed.
Much of the content found throughout these chapters is drawn from [67, 68].
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Chapter 3

Bioinspiration
3.1

Full-Goldman template

Organisms as diverse as arthropods and vertebrates use differing limb number, attachment
mechanism and body morphology to achieve performance on vertical substrates that rivals
level ground running, hence it is natural to anticipate that diverse animals would develop
correspondingly divergent climbing strategies. Surprisingly, Goldman et al. [37] have
discovered common dynamics in quite different rapidly climbing organisms, a cockroach
and a gecko. Perhaps equally surprising, neither climbs straight up a vertical flat wall.
Both organisms generate large, alternating lateral forces during climbs over 4 bodylengths
per second that produce substantial changes in lateral as well as fore-aft velocity [37, 11].
A specific model which generates the template dynamics of vertical climbing is shown
in Fig. 3.1A and a schematic of its motion in Fig. 3.1B. The model consists of a rigid
body that is pulled upward and side-to-side through the action of a spring in series with a
linear actuator.
As shown in Fig. 3.1, in the first step with the right leg, at touchdown (t = 0) the right
actuator is maximally extended, and the spring is relaxed with zero rest length. Touchdown
is created by establishment of a rotationally free pin joint with the wall. As the actuator
length L(t) decreases, the spring in the leg extends, the foot freely pivots about the point
of contact and the center of mass (COM) is translated vertically and laterally. The stance
foot is released at a fixed point near maximum compression in the leg cycle and the process
repeats for the left leg. The actuator changes length sinusoidally such that
L(t) =

ls
(1 + sin(2πf t)) + L0 ,
2

(3.1.1)

where ls is the step length, L0 is the retracted length of the leg, and f is the stride frequency.
The solid vertical line in each panel indicates the fixed lateral position about which the
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Figure 3.1: The Full-Goldman (FG) dynamic template for climbing, with g as the direction
of gravity. The two degree of freedom model that generates the template climbing dynamics
shown in Fig. 3.2C. (A) Schematic of the model. (B) Schematic of the motion of the model
during two steps. The extension of the spring has been exaggerated for clarity. Reproduced
with permission from [37].

center of mass laterally oscillates. The angular excursion of the body and extension of the
spring are exaggerated for clarity. Actual angular excursion of the body relative to vertical
is approximately ±3◦1 . The model was coded and integrated in the Working Model 2D
(Design Simulation Technologies, Inc) simulation environment.
The forces and resulting center of mass velocities generated by this position-based control of the actuators on the model are shown in Fig. 3.2 and agree well with the published
patterns measured in cockroaches and geckos [37].2 The representative magnitude and
1

The template does not brachiate or actively swing in a pendulous manner to raise its center of mass.
Rather, sprawl angle, when teamed with an adequately rapid stride frequency, minimizes angular deviation
as evidenced by the minimal angular excursion demonstrated by the template.
2
The parameters used to generate Fig. 3.2C were body mass=2 g, body dimensions=4 cm x 0.95 cm,
l1 = 0.71 cm, l2 = 0.84 cm, β = 10 degrees, L0 = 1.54 cm, z = 0.6, k = 6N m−1 , γ = 0.09N − sm1 ,
f = 9 Hz. The attachment duty factor in the model is 0.46. The rigid body has a moment of inertia of
8 × 10−7 kg − m2 , the order of magnitude of cockroaches (2 × 10−7 kg − m2 ) [88].
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phasing of forces and center of mass velocities was found after systematic variation of
system parameters[37].
A

Cockroach

B

Gecko

C FG - Template

Figure 3.2: Force, vertical velocity (Vz ), lateral velocity (Vy ), and foot fall patterns for
the cockroach, gecko, and the Full-Goldman
template. Broken lines indicate body weight.
templatePerformance2.pdf
Data are shown for a normalized stride, with black bars representing foot contact. In
each force plot Fz is the magnitude in the vertical direction and Fy is in lateral direction.
Reproduced with permission from [37].
We now proceed to discuss the sequence of design choices leading to the construction
of a robot which anchors this template.3

3.2

Scaling of Template

While the Full-Goldman template was designed to model the locomotion of animals with
masses on the order of 2g, present day climbing robots that have achieved [12, 80, 62] or
seem close [16, 100, 96] to utilitarian realization are all several (2 - 3) orders of magnitude
larger and it is these existing designs (mostly quasi-static in operation) that will offer the
most immediate basis for comparing the relative value of dynamical climbing in robotics.
More pragmatically, it is only in recent years that novel technologies have emerged permitting the construction of legged robots at the small (1–10g) scale ( e.g., [14] presents a 16g
legged runner). We would likely have to rely on remote-control operation (as did the authors of [14]), and eliminate any local control. The lack of local processing would not allow
3

Dynoclimber’s morphology as depicted in Fig. 5.1 bears more than passing kinematic resemblance to
the template of Fig. 3.1. Anchoring that template in a robot with more legs is certainly possible, since
the model was constructed to help understand the locomotion strategies of 4 and 6 legged animals. The
specific morphology and controller for such a robot would supply a net force applied to the robots center
of mass which matched the force applied to the center of mass of the template.
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for high-bandwidth feedback control to be conducted locally. Moreover, we expect nearterm future dynamic climbers to be faced with complex terrain navigation decisions which
mandate on-board intelligence. DynoClimber, as a dynamics testbed for such platforms,
is designed at a scale for which computational payloads are not prohibitively large.
Given the contemporary prevalence of kg-scale climbing machines and the distracting
difficulties of constructing a robot at the template’s 2g mass, we instead scale the physical
parameters of the template to arrive at a climbing model which demonstrates dynamically
similar climbing behavior with a more easily realizable size and mass. Notably, as we
demonstrate in this section, any increase in climber size necessitates an increase in power
density to maintain dynamic similarity. Since COTS motor power density is roughly constant over variations in motor size (as can qualitatively be discerned from catalogues [1]),
for the power outputs which we are able to comfortably sustain with familiar technology,
the approximate upper mass and speed limit at which the robot can climb dynamically
is kilogram-scale. In Section 3.3.2, we demonstrate that we require passive-elastic energy
storage springs to achieve dynamic locomotion with a 2kg robot, indicating that we are
near the maximum size at which dynamic climbing according to the Full-Goldman template
can be achieved.
With a target mass of 2kg for DynoClimber, we shift attention to the questions of
scaling: what we mean by dynamically similar behavior and how it can be achieved. Guided
by [4], we pursue “dynamic similarity,” meaning that displacements, times, and forces of
the scaled system should be simple, scaled versions of the original. By preserving the ratios
between each of the natural and driven frequencies within the system, dynamic similarity
is achieved [4] and stability properties remain unchanged [89]: in particular, our scaling
procedure preserves the template’s Strouhal number, as well as its Froude number, used
to characterize scale-independent running speed [2, 44]. We use the term dynamically
similar (in the sense of [3]) to denote the additional mathematical consequence of such
scaling relationships that guarantee formal conjugacy of all resulting dynamical models:
in particular the stability properties of all steady state behaviors are preserved across all
models.
We now compute the scale factors which expand the 2g template into a 2kg, dynamically
similar variant. We assume that mass varies as the cube of length, and therefore scale all
body dimensions (including stroke length) linearly by a factor, αL = 10, resulting in the
3 = 1000. Recalling that rotational inertia for a point mass at a
desired mass scaling of αL

distance r from the pivot point is m · r2 , the scaled template’s rotational inertia is, as a
3 · α2 = α5 .
result of the length and mass scaling, increased by a factor of αL
L
L

The central target of our scaling procedure is the maintenance of frequency ratios
within the system, one of which is established by the simple scale factors we have already
18

determined: the climber’s pendular rotationqfrequency. The climber’s body rotates about
mgL
a pinned stance foot with a frequency of
I , where m is mass, g is gravity, L the
distance between the pivot point and the center of mass, and I is the body’s moment of
inertia. Plugging in the known scale factors
for these constants, we find that the natural
r
3
αL ∗αL
frequency of the body scales as αω =:
= √110 = .316.
α5
L

The preservation of frequency ratios requires us to scale both the leg driving frequency
and the wrist spring contraction frequency by the same αω = .316. The leg driving frequency is established by a controller and has no immediate physical design consequences;
we simply reduce the driven frequency from 9Hz to 2.85Hz.
During any given stance mode, the climber’s wrist spring supports the full mass of its
body. When matched to a mass m, the spring oscillates with a frequency of approximately
q
k
m . In order to effect the correct scaling in the wrist contraction frequency, we must
q
2 = 100,
therefore alter the wrist spring constant. Thus, αα3k = αω = √1αL implies αk := αL
L

and our wrist spring scale factor is determined.
Finally, we must choose a wrist spring damper. We choose a damping scale factor
3 , as other forces
αb which increases forces applied by the damper by the the same factor, αL

in the system. Since the force generated by a damper is Fd = v · b, where b is the damping
constant, we must consider velocity as we determine the correct scaling for b. Realizing
√
that system velocities scale by length times frequency αV := αω · αL = αL = 3.16, we
can now write the scaling law for b:

αb =:

3
αL
= 316.
αV

The Strouhal number of the climber, given by Str :=

ωl
V ,

is evidently preserved since

V scales as the product of ω and l. Our scaling also preserves the non-dimensional Froude
√
√
number, F r := √Vgl , since both V and l scale as αL .
With this scaling, dynamic similarity in the sense of [3] is maintained. However, dynamic similarity does not necessarily guarantee the preservation of other (scale dependent)
performance metrics. For example, if we calculate speed using the widely used bodylengths per second (bl/s) metric, the template climbs at 4.5 bl/s, and its scaled variant at
only 1.4 bl/s.4
p
Bodylengths/second scale as αV /αL = 1/ (10). Although the Froude number for our scaled template
is invariant, the absolute Froude value depends upon the characteristic length, l, of the template. This
length is often described as the “leg length” or the distance from the hip to the foot, however it is not
clear that this convention has the same effect in upright as in sprawled posture runners. For example, in
our climber if the stroke length of the prismatic actuator is used as the characteristic leg length then the
template and scaled climber have a characteristic speed of 0.73, if the length from the “hip” to the foot
4
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Figure 3.3: Force, vertical velocity (Vz ), and lateral velocity (Vy ) for the animal template
ScaledPerformance2.pdf
model and the scaled robot template. The heavy dashed horizontal lines represent the
weight of the robot and the light dashed lines are the mean velocities. (Note the change
in units for the scaled template).

Figure 3.3 presents a typical simulation output of steady-state climbing illustrating the
effects of increased size on template behavior under the scaling model proposed above.
The phasing of body motions and forces has been preserved, and simulations show that
the scaled template’s velocity and ground reaction force pattern matches prediction.
Biological actuators (muscles) differ from and are in many ways superior to current
commercially available prime movers [59, 85]. A nice overview — notably still current
today — of the underlying physics and consequent operational properties of various candidate robotic actuators is given in [47]. From our perspective, the major limitation of
commercially available actuation technology is that of power density. Our scaling assumptions require that an order of magnitude increase in length be supported by a three-fold
increase in power density:
α power =
weight

F2kg · V2kg m2g · g
α3 · αV
·
= L 3
m2kg · g
F2g · V2g
αL

=αV = 3.16

(3.2.1)

is utilized, the Froude number becomes 0.45, and if the body height is used it drops to 0.28. Perhaps the
intermediate value would be most appropriate for the purposes of comparison to biology, but regardless of
which length is chosen the Froude number remains invariant to scale as long as the motions are dynamically
similar.
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The increase required in power density has an intuitive explanation. With no energy
sinks, vertical climbing speed is given by

power
f orce ,

and at a constant velocity, the force

applied is equal to the climber’s weight. Thus, if the desired velocity increases, as it
must to maintain dynamic similarity, the climber’s power-to-weight ratio must increase
correspondingly.
While we have chosen to restrict attention to conventionally amplified and driven commercial, brushed DC motors in this study, our experience, corroborated by the discussion
in [47], is that all available alternatives can at best offer similar power density.
The reported record of actual power densities achieved in prior climbing and running
robots varies greatly, but as a point of reference both the hexapedal RiSE [10] and RHex
[7] robots have a specific power of about 10 W/kg per tripod. Simulations at the roach
scale show that each of the template’s legs (each template leg is the equivalent of a tripod
of cockroach legs) must achieve a peak power output of 6.3 W per kilogram of body mass.
However, scaling the climber’s body length by three orders of magnitude increases this
power demand by a factor of 3.16 to 20 W/kg per virtual leg (bringing total mechanical
power output to 40 W/kg). Given that our scaled reference dynamics demand, at peak
load, roughly twice the power endowment of previous legged robotic platforms, there are
three alternatives: find (or design and build) higher power density actuators; reduce the
peak power load; or settle for slower speeds. As described in Section 3.3, we take the
middle course.

3.3

Adaptations for Realizability

To build a robot which anchors the Full-Goldman template, we must modify the template’s
mass distribution, power transmission design, and approach to limb control. In this section
we derive and discuss each of these changes with heavy reliance on simulation as a design
tool. The resulting software model will be referred to as the “design simulation” throughout
the sequel.

3.3.1

Mass Distribution and Linkage Design

To generate linear foot motion with a standard brushed rotational electric motor5 , we
must build a transmission mechanism. Here we utilize a simple crank-slider mechanism
(similar to the piston/crank used in automobile engines), as shown in Fig. 3.4. A principal
advantage of this design is the unidirectional motor operation; the robot’s motors do not
need to change direction to reverse the direction of the feet.
5
We choose to use rotational motors due to their high power density and extensive selection readily
available from manufacturers such as Maxon[1].
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Crank-Slider
Mechanism

Figure 3.4: Schematic of the crank-slider mechanism used to convert rotary (motor) output
into linear motion. The relative lengths and masses of the links are indicated.

CrankSlider.pdf
To account for the mass of the attachment mechanism and transmission, we distribute
some of the simulated climber’s body mass to the legs. The total mass and footprint
of the climber remains unchanged. A lateral degree of freedom and lateral compliance
have been added to each of the hips to removes the kinematic singularity associated with
double support phase. The stiffness and damping of these new lateral hips are set equal
in magnitude to the wrist springs, but since they are typically orthogonal to gravity,
their deflection primarily occurs when both legs are attempting to simultaneously contract
during incidental double support phases during the startup transient.

3.3.2

Power limitations

As described in Section 3.2, the power density required for a kilogram-scale bipedal dynamic
climber — 20 W/kg per leg — is double the power density achieved by former legged robots.
Worse, preliminary simulations of a 2 kg crank-slider equipped climber indicate that the
peak mechanical power output required from each motor exceeds 40 W.
In this section we consider a number of methods which reduce the power output required of the climber’s motors. Two prospective changes, shortening the stride length or
decreasing the climbing frequency, prove effective in terms of reducing peak force, but affect the dynamics of climbing severely. Other, less dynamically disruptive choices include
22
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Figure 3.5: Force, vertical and lateral
velocity for two naı̈ve approaches to reducing the
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power of the scaled template model. (A) Reduction of climbing frequency by one half and
(B) shortening of the stroke length by one half. Note that the tick marks for force and
velocity have been preserved from Fig. 3.3 to ease comparison.
operating the motors with an accumulating “thermal debt”, and mechanically coupling
the robot’s limbs. The approach which we eventually adopt in our climber is to utilize
a passive dynamic element to store and return energy from the motor during the swing
phase.
Simple torque/frequency alterations
We consider the effects of, first, reducing actuation frequency and, second, shortening the
crank moment arm. With either strategy, the naı̈ve expectation is that if power applied is
halved, climbing speeds will be halved as well.
The potential problem with altering the actuation frequency is that may disrupt the
dynamics of climbing by producing a detrimental interaction with the body’s pendular
rotation. Simulations show that decreasing the stride frequency by a factor of two does
result in stable motions, but there is much greater body swing during each stride. This
dramatically increases the lateral forces seen at the feet and lateral velocity of the robot,
as shown in Fig. 3.5A. This larger rotation reduces the vertical component of each stride,
dramatically (over 10x) reducing the upward speed of the climber. Peak required power,
however, is reduced, in this case, from 40 W to 23 W.
The second simple strategy, cutting the stride length in half by shortening the crank,
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only changes the pendular frequency of the body slightly, but this does not seem to significantly affect the stability of the gait. More significantly, as shown in Fig. 3.5B, the
velocities of the climber with a reduced crank length are dramatically smaller than in the
nominal case, with the net vertical velocity reduced to 20-25% of the scaled template’s
speed. The peak required power, however, is reduced to 18 W.
In both cases we see that using naive approaches to reduce the peak power required
from the actuator results in serious compromises in performance relative to the scaled
template simulation. Thus, we pursue more sophisticated methods of coping with limited
actuator power.
Thermal debt and limb coupling
One such method is to intermittently operate the motors above their continuously sustainable current limits. The motors may be “overrun” for short periods at the expense of
producing more heat than can be dissipated. Too much time above the continuous current
rating and the motors will eventually overheat and sustain irreversible physical damage.
Thus, “thermal borrowing” can be used for short periods if the mean power draw is low
enough. Indeed, this approach has been successfully used in RHex for rough terrain [99]
and stair climbing [73], etc. but only for very limited durations. In [33], a thermal observer
is used to monitor core motor temperatures during the robot’s operation. For a vertical
climber, however, power requirements are large and roughly constant, reducing the relevance of intermittent operation. Nevertheless, by running the motors above continuously
permissible currents, we are able to exceed the nominal power specification of the motor,
if only for short periods of time.6
If the legs of the robot must only deliver maximum power during intermittent intervals
(in this case, each leg’s stance phase) and these intervals are phase offset from one another, a
single, more powerful motor could be used to drive multiple mechanically coupled multiple
joints or limbs. While the peak power draw would not decrease, a larger motor might
be able to supply this power output without overheating. iSprawl [53], MechaRoach [15],
and several toy robots have employed this approach. However, this imposes rigidly fixed
leg trajectories which would not allow investigation of other behaviors and controllers,
hindering the development of a more versatile climber.
Parallel leg springs
In order to maintain individual control of the legs and simultaneously overcome the power
limitation of commercial motors, we utilize passive-elastic elements in parallel with the leg
6

See [27] for a modern a motor sizing approach which explicitly considers thermal dynamics.
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actuators. As suggested by the simplified numerical studies in [25], this method allows the
legs to store energy during the swing-recirculation phase of their motion, while the power
requirement is low, and then release the energy during stance to aid with accelerating
the body upwards. In other words, we increase average mechanical power output without
increasing the peak power demands on the motors themselves by providing means for the
motors to do productive work throughout each stride instead of just during stance. Moreover, [27] demonstrates that motors operating continuously produce less thermal energy to
a do given amount of mechanical work than those operating intermittently.
As reported in [25], the overall climbing speed of a one-dimensional climber can be
substantially increased by creating a second peak in the demanded power curve for each
motor. Figure 3.6 shows a schematic of how the spring is used, and a plot of motor power
as a function of time. The shaded areas represent the changes in the commanded torque
with the addition of a spring in parallel with the actuator connecting each foot to the body.
The spring is at its unloaded, or rest, position when the foot is at its lowest position. As
the foot extends in preparation for reattachment to the substrate, the spring is stretched,
significantly increasing the torque required from the actuator. The maximum available
motor torque, and the length of the crank linkage define the upper limit on the stiffness of
this spring.
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Figure 3.6:
Schematic of model with leg spring and the effect of the spring on the nominal
torque profile. The ‘A’ region represents the effect of the spring assisting the motor, and
the ‘B’ region represents the work done by motor in stretching the spring.

As shown in Fig. 3.6, with the addition of these legs springs (k=130 N/m, b=3 N-s/m)
the peak power required for each leg drops to just over 20 W during steady state climbing.
Since the velocities of the cranks are unchanged, the locomotion dynamics of the system
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are the same as without the spring.
While this strategy solves the power problem during the steady-state climbing, a peak
power output of more than 40 W is still required to accelerate the robot from rest. To
better handle transient acceleration, a robot will require a more adaptive and efficient
control scheme than the prescribed constant angular velocity scheme utilized for the animal
template. A preliminary approach, described below, was utilized in the design simulation,
and a more refined version of this idea was implemented in the robot as described in Section
4.2.

3.3.3

Force controlled actuation

To better exploit the robot’s available on board power, we switch from commanding positions to commanding force — at least up to the actuators’ abilities to deliver it. By
explicitly regulating the motors’ outputs rather than relying on position tracking errors,
the actuators can be used to produce a greater amount of positive work during a stride.
At the same time, this control framework sidesteps the need to design different reference
motions for the vastly different operating regimes the robot encounters on its transient
from standstill to steady state. Controlling them, instead, to extract the greatest possible
amount of work against gravity regardless of operating regime enables the actuators to
build up body center of mass speed over a number of strides, in an autonomous manner
more naturally suited to the range of transient conditions encountered along the way.
In the first subsection below, we summarize our numerical feasibility studies [25] of a
simple work-directed controller aimed at extracting the greatest possible amount of force
from the actuators. The results from this study suggest that switching from a position
to a force-based controller and adding leg springs can roughly double the robot’s speed,
and that in an ideal (no friction) case, climbing near 2 bl/s should be achievable for a 2 kg
system.
Next, the work-directed control introduces a new design freedom that must also be
addressed. The robot’s two limbs must be properly coordinated so that one recirculates
while the other is working — a simple matter in the setting of a reference position tracking
control, but no longer intrinsically specified by the work-directed controller. We introduce
a naive leg coordination controller scheme below in order proceed with the rough design
study.
The implementation problem of designing a concrete work-directed scheme in the physical platform that can be guaranteed to stabilize these two different dynamics is taken up
again in Section 3.3.
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Motor model and controller
In order to maximize the output power of the motors without causing them to overheat, a
model of their behavior must be incorporated into the control scheme. Figure 3.7 depicts
the simple motor model used in our controller. The slope of the torque/speed curve depends
on the particular motor chosen and on the gear ratios used in the power train.
We use the values provided by Maxon for our 20 W DC motors [1]. The effective gear

Motor Model

Velocity (m/s)

reduction (G) was chosen to match the template dynamics and maximize speed.

Rated
Power

Power
Curve

"nl/ G
"sw / G

Safe
continuous
operation
range

( k0) / (G2 )

Constant Voltage

G (!max, cont.)

Torque (Nm)
G (!stall )

Figure 3.7: Simplified geared motor model. The dashed power curve shows that maximum
power output corresponds to loads equal to one half of stall.

MotorModel2

Our (simulation) controller varies motor terminal voltage to ensure that the motor
operates on the boundary of the shaded continuous operation zone shown in Fig. 3.7. At
high speeds, the motor is supplied with the maximum (supply) voltage, while at lower
speeds our controller restricts the voltage supplied to the motor so as not to exceed the
motor’s continuously permissible current rating. Thus, after applying our controller, the
ouput torque is given by:



ω
τ (ω) = min τmax,c , 1 −
G · τstall ,
ωnl


where ω is the rotational speed of the motor shaft, τmax,c is the maximum continuous
torque, ωnl is the no-load speed, and τstall is the stall torque as specified by the motor
manufacturer.
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It should be noted that the introduction of this motor model provides a serious constraint on both the maximum power delivered by the motor and on the achievable torques,
as our controller does not permit “thermal borrowing”.

Leg coordination
A new issue arising from the introduction of the force-maximization controller is the challenge of ensuring the proper anti-phase coordination of legs. An earlier analytical study
of coupled oscillatory climbing systems has shown that the limbs of these systems naturally phase lock, resulting in extremely large double support and aerial phases [58]. Our
two-dimensional simulation exhibits the same tendency, with potentially catastrophic consequence for a physical climbing machine whose attachment mechanics are likely to preclude recovery from conditions of free-fall [52], [95]. Consequently, a mechanism is required
to ensure proper phasing of the legs. We initially utilize the following braking heuristic
algorithm:
if((θi < ) and (θj < π)) then τi = −cb τmax
Where θi and θj represent the swing and stance legs, τmax is the maximum available
torque from the hip motor, and  is about π/10 radians, and gait transitions occur when
the leg phase angle θ = π. By applying a negative torque to an ahead-of-schedule swing leg
a fraction of a radian before touchdown, the controller attempts to ensure that touchdown
occurs immediately after liftoff, just as in the template model.
The phase regulation just described lends itself to simple numerical implementation
and affords the preliminary insight we require at this stage of design but it does not
enjoy any analytical guarantees and is not parametrically well conceived (in contrast to
the more careful scheme that we will introduce for actual implementation on the physical
robot in Section 5): both the retarding factor, cb , and the angular end-of-swing threshold,
 must be tuned to generate desirable behavior, lest a change in the actuator model or
system dynamics result in extended duty factors or significant aerial phases. While the
controller does, indeed, maximize power output to the stance leg, it is suboptimal in terms
of efficiency and performance since it actively brakes just before stride transitions, rather
than appropriately reducing the input energy throughout the swing phase. Based on these
observations, a more advanced algorithm was developed for the robot, described here in
Section 4.2.
Despite its limitations, this algorithm effectively implements the leg coordination necessary to achieve repeatable climbing and, as we observe in the next section, this results
in a simulation with performance that closely resembles that of the scaled version of the
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simple template.

Performance of simulated force controlled and phase regulated actuation schemes
Figure 3.8B shows the effects of switching from a position-based control to a max-force
based control scheme on the performance of the simulated climber.
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Figure 3.8: Force, vertical velocity, and lateral velocity for a stride with (A) the trajectorybased and (B) force-based control!"#$%+%#6"#71($%89/6&
schemes.
A comparison of the two models’ dynamics reveals that, while there are subtle behavioral differences between the models, their behavior is largely equivalent.
The switch from a trajectory-tracking to a force-based control scheme results in a
relinquishment of our control of the overall actuation frequency. While this frequency
shifting during climbing can increase the performance of the robot, it also complicates the
dynamic coupling between the leg switching, body rotation, and wrist-spring extension by
introducing additional actuator dynamics. Concerns about potentially adverse dynamical
interactions are addressed in the next section.
The net result is a realistically sized and powered dynamic climber that is very close to
the template derived from animal studies. The robot’s projected vertical speed of 0.55 m/s
compares very favorably to that of the scaled template (0.60 m/s).
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3.3.4

Simulation conclusions

The addition of a force-assist spring in parallel with the actuator in the legs and the switch
to a force-maximizing control scheme allow a simulated robot to climb dynamically at our
target mass of 2 kg.
According to (3.2.1), a climber’s power-to-weight ratio must increase as the square root
of length to preserve dynamic similarity. Thus, any increase in size requires an increase
in power density. Since DynoClimber, when equipped with passive-elastic energy storage
and an aggressive force-maximizing controller, is just able to achieve the power density
required to climb dynamically, a substantial increase in size would mandate that the robot
achieve an unrealizable power density. As shown in Section 3.3.2, attempting to climb
when underpowered has a severe effect on upward speed. Thus it appears that with our
present motor power density and control approach this anchor represents an approximate
upper limit on speed at near-term utilitarian length scales for the Full-Goldman template.
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Chapter 4

Controller and analysis
Simulations presented in [37] indicate that the Full-Goldman template converges to and
climbs with a stable, period-1 gait. The template’s prescribed-leg-length actuation scheme
(described by (3.1.1)) rigidly dictates leg frequency and therefore makes asymmetrical or
irregular gaits unlikely to appear. However, to anchor the template in a robot, the previous
section has introduced two proposed changes to the template’s actuation scheme. First,
in Section 3.3.2, we introduce parallel energy-storage springs to reduce the (peak) power
density required for dynamic climbing, and second, in Section 3.3.3, we equip the proposed
mechanism with a control policy that permits us to maximize actuator power output (losing
precise specification of leg frequency).
By design, our controller causes the climber’s motors to operate along their speedtorque curve, and therefore exposes it to the motors’ dynamics, speed/force trade-off, and
inherent power limitations; the parallel spring introduces yet another dynamical exchange
of potential and kinetic energy. The addition of these dynamics raises a concern that the
coupled electromechanical plant may exhibit unstable or unfavorable oscillations which do
not appear in the template. While our design simulation remarkably appears to climb
without spurious effects caused by these modifications, through simulation alone we are
unable to comprehensively assess the robustness of the climber’s behavior to parameter or
initial condition variations.
In this section we formalize the foregoing design models, simplifying and decoupling
them to the extent that mathematical guarantees can be established precluding the possibility of such undesired dynamical instabilities over any initial conditions for any physically
reasonable choice of design parameters. We first consider the vertical power stroke in isolation from the leg alternation dynamics and give a proof that a simplified one degree of
freedom abstraction of the resulting dynamical system is globally asymptotically stable.
We next introduce a more parametrically parsimonious (yet still analytically tractable)
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phase regulation controller and give a proof that our phase alternation dynamics, in isolation from the mechanical power stroke dynamics is also globally asymptotically stable.

4.1

Power stroke modeling and analysis

The Full-Goldman template’s counterparts for level ground running — the SLIP and LLS
templates — have generated a more-than-decade long literature [48] and remain an active
area of research in legged locomotion. Early analysis [56] of the first dynamical running
machines [82] demonstrated that a poorly tuned actuation subsystem could be responsible
for the period two (or higher) “limping gaits” observed in vertical hopping [56] and juggling
[19]. Even the simplest two degree of freedom model of the unactuated SLIP templates
displays higher order (period-2) limping gaits in a physically relevant parameter regime
[35]. It is notable, then, that the design simulation does not seem to exhibit period-2 gaits.
Thus, two factors contribute to our motivation to undertake at least a rudimentary analysis
of our climber’s stability: our introduction of actuator dynamics, and the precedence of
higher-period gaits in prior locomotion templates.
In the tradition of that past literature we introduce in this first analysis of the DynoClimber design-prototoype the simplest model that can still capture the crucial interaction
of mass and motor dynamics: a one degree of freedom representation of our climber’s
“power train” — the dynamics of force-actuated vertical climbing, independent of rotational dynamics.1 To that end, we build a simplified mathematical model composed of a
point mass propelled vertically upward by an actuator.
When instantiated with a range of physically motivated parameter values that includes
those characterizing our particular robot prototypes, this vertical power stroke model converges to a period-1 gait from all initial conditions as we will now show. While not a
conclusive statement as to the stability of the physical coupled system, this result demonstrates that the power stroke dynamics cannot in and of themselves be a source of instability
or parasitic, higher period dynamics.

4.1.1

Vertical power stroke model

Depicted in Fig. 4.1, the vertical power stroke model consists of a rigid body of mass M
and two massless legs operating in a one dimensional workspace — the climbing “wire”—
subject at all times to a constant gravitational force M ·g. By construction, exactly one foot
is attached, and applying force, to the substrate at all times. Since the feet are massless,
1
In contrast, as for all multi-jointed locomotion models [56, 82, 35], the complete template (Fig. 3.1)
entails non-integrable dynamics, whose mathematical analysis will likely require as similarly long a string
of focused papers as occasioned by level ground running [48, 56, 82, 35].
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Figure 4.1: Schematic of the climbing model used. The spring is fully loaded when the leg
reaches full extension.
ModelOverview2.pdf

the unattached foot does not affect the climber’s upward progress.
A foot begins its stance phase by attaching to a fixed point on the substrate with its
corresponding leg extended to the full stride length, ls . That leg applies a contractile force
(described in detail in the next paragraph) propelling the climber’s mass upward. When
the mass has traveled a vertical distance upward of ls , the foot in contact with the wall
instantaneously breaks contact, while the other foot simultaneously gains contact, once
again at a distance of ls from the mass.
The stance-phase contractile force consists of two elements intended to resemble the
actuator used in ours design simulation: an energy-storage spring with Hooke Law constant
k in parallel with a motor-based force F . The energy storage spring begins each stride
producing maximal upward force, ls · k. That force diminishes throughout the stride until
the stride terminates with the spring at its rest length, producing a force of 0. The
motor-based force is given by a motor and gearbox driving a simulated rack and pinion
transmission mechanism. We approximate the physical transmission — a crank-slider —
by an ideal rack and pinion to promote analytical tractability.
The motor produces a rotational torque which is amplified linearly by the gearbox with
gear ratio G. This force drives the simulated pinion (with radius r) which proportionately
converts the torque from the gearbox to a linear force. Thus, a motor torque τm produces
a prismatic output force of F =

G
r

· τm .

The control scheme is as simple as possible: the stance leg’s motor is assigned a constant
voltage at all times. We demonstrate in Section 5.1.1 that this scheme results in identical
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steady-state behavior to the controller in Section 3.3.3, but requires less electrical and
software infrastructure to implement. At a speed of 0, the motor produces its full stall
torque of τs , and motor torque production decreases linearly with motor speed until the
motor produces a torque of 0 at its no-load speed ωnl , as per the standard linear motor
model [1, 38]. It bears noting that τs and ωnl are given for a nominal voltage; changing
the voltage applied to the motor scales each of these terms linearly.
The parameters used to define the vertical power stroke model are summarized in Table
5.2. Note that throughout this section, we rarely refer to torques and angular speeds,
preferring the equivalent linear forces and velocities.
Figure 4.2 introduces the coordinates z = (z1 , z2 ) = (z, ż) ∈ Z =: R2 and depicts the
physically relevant state space of the climbing model. This is a rectangle in the upper
half plane bounded by the abscissa below, L̃2 , indicating an upward velocity of 0, and two
vertical lines, the demarcation of kinematic limits. The ordinate to the left, L1 , at x = 0,
and a parallel line, L̃1 , to the right, at x = ls bound the physically permitted stroke length
and extension of the spring. When the system trajectory intersects L̃1 , the reset function
s is applied and a new stride begins with the system trajectory lying along L1 with the
same coordinate value as before. This reset map, s, is depicted in Fig. 4.2: it corresponds
to the termination of one leg’s stance phase and simultaneous attachment of the other leg
to the wall.
Z2

s
Kinematically
not allowed

Z1

PatchOverview_2b.pdf

Figure 4.2: Patches, boundary sets, and sample trajectory from initial condition ζn on L1
to L̃1 , then projected back onto L1 , via the reset function s, to represent the next iterate
under the return map, ζn+1 for the simplified climber.

Using z ∈ Z coordinates, the equations of motion for the body, with mass M , can be
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written by inspection from Fig. 4.1 as:
z˙1 = z2
M z˙2 = Fk + Fm − M g
where the spring force is Fk =: k(ls − z1 ), and the motor force is
Fm =: Fs · (1 −

z2
).
vnl

(4.1.1)

The resulting second order dynamics are given by:
ż = Az + b
with

"
A=

0

1

−α2 −2 · σ · α

(4.1.2)

#

"
,b =

0
β

#
,

where the terms used in (4.1.2) are summarized in Table 4.1.
Table 4.1: Elements of the equations of motion
Term
α

Definition
q
k
M

Fs
2·M ·vnl ·α

σ
β

4.1.2

Physical Meaning

1
M (−M

· g + k · ls + Fs )

natural spring-mass frequency
Effective damping due
to motor back-EMF
net vertical force at stall

Return map

As is standard, our analysis focuses on the discrete time iterates of a return map [39]. In
this case, the velocity of the climbing mass is sampled at an event (the “section”) which is
revisited again and again as the robot climbs. The section employed here is the touchdown
of the next extended limb; this occurs when a system trajectory intersects L̃1 and the reset
function s is applied. By examining the velocity of the climber at the beginning of each
stride, we demonstrate analytically that it converges to a period-1 gait.
We will write the return map, R, using section coordinates ζ ∈ L1 , as depicted in Fig.
4.2. This scalar variable, ζ, represents physically the climber’s vertical velocity at the start
of a stride. Trajectories arise as the composition of the flow from L1 to L̃1 with a “swing
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resetting event” (s) that maps the body state associated with a completely compressed arm
at a given velocity in L̃1 to the same body state associated with a completely extended
(contralateral) arm at the same velocity in L1 . The reset function s that formalizes this
swing resetting event can now be written down directly as:
s(z1 , z2 ) := (0, z2 )
We denote by the symbol f t (z), the time trajectory of the dynamics (4.1.2) through
some initial condition, z. We also define the projection operators `1 (z1 , z2 ) := z1 and
`2 (z1 , z2 ) := z2 , as well as the pseudo-inverse `†2 (z2 ) := (0, z2 ) Because we are interested
in initial conditions on the section, L1 , we parameterize these trajectories by ζ ∈ R via
composition with `†2 and `2 . Using these functions, we define the return map, R := `2 ◦ s ◦
f T ◦ `†2 (ζ), where T is the time taken to the end of the stride.
R quantifies how the system evolves from the beginning of one step to the beginning
of the next. It is comprised of the flow induced by the vector field (4.1.2), and the reset
function s. Details of the derivation of the return map can be found in the Appendix. The
return map can be expressed as:

R(ζ) =
λ1 eαλ1 T [βλ2 + αζ]

√1
·
2α σ 2 −1
− λ2 eαλ2 T


[βλ1 + αζ]

(4.1.3)

Note that T is defined implicitly as a function of ζ (see the Appendix for a careful
definition), making a closed form solution of the return map impossible. However, we are
able to investigate the stability properties of the return map by examining its derivative,
DR, derived in the appendix, and written in more compact form as

DR(ζ) =

(2ρd)(e−ασT )
,
ρ(d2 + 1) + c(d2 − 1)

(4.1.4)

where for ease of analysis we introduce the following substitutions:

ρ(ζ) := ζα

p
σ2 − 1

(4.1.5)

c(ζ) := β − ασζ

(4.1.6)

d(ζ) := eT a(ζ)/ζ .

(4.1.7)
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4.1.3

Physically imposed flow boundaries

To analyze the properties of the flow precisely we examine the acceleration null-cline (zeros
of the acceleration component of the vector fields) located on the affine set:
N := {(z1 , z2 ) ∈ R2 | z2 =

β
α
− z1 ·
}
2σα
2σ

This defines a region below N , as depicted by the “+” sign in Fig. 4.3, within which
the trajectory experiences an increase in vertical velocity due to the accelerating effects of
the actuator and spring. We will find it useful to impose a partition of the section L1 by
labeling the special point where it intersects the nullcline,
ζB := `2 (N ∩ L1 ).

(4.1.8)
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Figure 4.3: The null cline of the system (N ) overlaid on the patches and boundary sets of
the sytem. For states above and to the right of the null clines the vector field is increasing
(indicated by the ‘+ ’signs), and beneath and to the left the vector field is decreasing
(indicated by ‘- ’signs).
Beginning with this initial condition, a climber’s spring and motor together provide just
enough force to support its mass at the beginning of the stride. In the proof that follows
we observe that trajectories initiating with this and all larger velocities remain above the
nullcline and hence experience decreasing vertical velocity throughout the stride.

4.1.4

Proof of stability

We now demonstrate that the climber’s return map has a globally asymptotically stable
fixed point, meaning that from every initial condition the climber converges to a stable
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period-1 gait. The proof entails establishing 3 claims:
a) The return map R has a slope between 0 and 1 over interval I = [0, ζB ].
b) I is invariant under R, Additionally, I is attractive from above.
c) Starting from any initial velocity ζ0 ≥ 0, iterates of the return map converge to a unique
fixed point: limn→∞ Rn (ζ0 ) = ζ ∗
We make several assumptions about system parameters throughout this section. These
algebraic assumptions, listed in Table 4.2, comprise a sufficient, but not necessary, set of
conditions for our stability result, and they are clearly satisfied for any reasonable physical
design (including all of our prototypes) as shown in the table.
Table 4.2: Parameter assumptions applied to models from Table 5.2
Quantity
β
σ
α

Assumption
>0
>1
>0

Initial Model
161
27.5
4.92

Revised Model
197
16.6
4.72

The third assumption requires special note. The condition that α > 0 is equivalent
to k > 0: we assume that our climbing model employs an energy storage spring. This
assumption is not required for stability, but, rather, is critical to establish the mathematical
correspondence to a salient aspect of Dynoclimber’s power train design as detailed Section
3.3.2
In contrast, β gives the net force on the climber as it begins a stride with no upward
velocity. Should β not be larger than 0, the climber would not move upward. Moreover, since the motor’s torque production decreases monotonically with climber velocity, a
climber with β ≤ 0 would always operate above the null-cline in state space; in essence, it
would be unable to climb.
Finally, σ > 1 is established as a convenient sufficient condition to simplify the proof
and is handily achieved by our platforms (Table 4.2). Specifically, σ > 1 assures that both
eigenvalues of the system are real and negative (see appendix for exact expression), with
λ1 > λ2 . From the definition of σ, it is evident that σ > 1 for any climber reasonably
similar to DynoClimber. Only an extremely under-geared climber could cause σ to fall
2

Were k = 0, the analysis would be drastically simplified, as the climber’s hybrid dynamics would
become trivial. The vector field representing climber acceleration on z1 , z2 would no longer depend on z1 ,
and the climber would simply converge to that constant velocity at which its motor produced a force of
M g. Thus, while k = 0 is a physically valid scenario, it is trivially stable and we do not emphasize its
analysis.

38

below 1; DynoClimber would have to employ a gear ratio of roughly 14:1 instead of the
nearly 57:1 gearing used in the most recent version of the robot.
Proposition 1. Defining I = [0, ζB ], The return map R has a bounded slope over this
interval: ∀ζ ∈ I, DR(ζ) ∈ (0, 1).
Proof. First we show that R is strictly monotonic: DR(ζ) > 0. To that end, we examine
DR from (4.1.4),
DR(ζ) =

(2ρ)(e−ασT )(d)
,
ρ(d2 + 1) + c(d2 − 1)

and demonstrate that its numerator and denominator have the same sign (in this case,
positive).
We note that ρ > 0, since ζ > 0 (the climber begins with a positive velocity), α > 0
(there is an energy storage spring), and σ > 0 (stall torque and no-load speed are positive).
Since d > 1 by inspection, each term in this expression is positive if c(ζ) = β −ασζ > 0.
Noting that c(ζ) is strictly decreasing in ζ, it is evidently minimized over ζ ∈ I when ζ = ζB .
Expanding M · c(ζ) into physical parameter values and simplifying,
Fs ζ
·
2 vnl
Fs ζ
= −M g + kls + Fm (ζ) +
·
,
2 vnl

M · c(ζ) = (−M g + kls + Fs ) −

where Fm is the vertical force produced by the motor as a function of velocity. To evaluate
c at ζ = ζB , we recall the meaning of ζB : this is the velocity at which the climber has a
net acceleration of 0 at the beginning of a stride. Thus, Fm (ζB ) = M g − kls , implying that
c(ζB ) =

Fs
ζB
·
> 0.
2 M · vnl

Since c(ζ) > 0 over I, ∀ζ ∈ I, DR(ζ) > 0.
Next, we demonstrate that DR < 1
We aim to show that the numerator of DR(ζ) is smaller than its denominator. Subtracting the numerator of (4.1.4) from the denominator and simplifying:

ρ(d2 + 1) + c(d2 − 1) − (2ρ)(e−ασT )(d)
>ρ(d2 + 1) + c(d2 − 1) − 2ρd
=ρ(d − 1)2 + c(d2 − 1)
>0

(4.1.9)
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Thus, DR(ζ) < 1 for all ζ ∈ I.
Proposition 2. ∀ζ ∈ I, R(ζ) ∈ I.
Proof. Since Prop. 1 establishes that R is monotonically increasing with slope less than
1 over I, we need only demonstrate that R(0) ≥ 0 and that R(ζB ) ≤ ζB to establish the
invariance of I. Using the return map derived in (4.1.3) and noting that λ1 · λ2 = 1,
R(0) =

β
· (eαλ1 T − eαλ2 T )
2α σ 2 − 1
√

Since λ1 > λ2 and all other constants are positive, R(0) > 0 for any T > 0.
Looking at the flow of the system beginning at ζB =: `2 (N ∩ L1 ) =

vnl (Fs +kls −gM )
,
Fs

we

show that the system’s trajectory remains above N on the (z1 , z2 ) plane by looking at the
vertical distance between the two:
`2 ◦ f t ◦ `†2 (ζB ) − (

α
β
− `1 ◦ f t ◦ `†2 (ζB ) ·
)=
2σα
2σ

etαλ1 − etαλ2 β
√
≥0.
8ασ 2 σ 2 − 1

(4.1.10)
(4.1.11)

Again, since λ1 > λ2 , the expression above is positive. This demonstrates that the
climber’s velocity stays above the null cline N throughout the stride, implying that the
climber’s velocity is strictly decreasing. Thus, R(ζB ) < ζB .
Corollary 1. I is attractive from above.
Proof. ∀ζ > ζB , f t ◦`†2 (ζ) lies above N on the (z1 , z2 ) plane. Thus, for any initial condition
ζ > ζB , Rn (ζ) < ζB for sufficiently large n.
Proposition 3. For all ζ0 ≥ 0, iterates of the return map Rn (ζ0 ) converge to a fixed point.
ζ ∗ , as n → ∞.
Proof. We proceed by demonstrating that R is a strict contraction in I and applying the
Contraction Mapping Principle. Thus, we first demonstrate that ∀ζ1 , ζ2 ≥ 0, and ζ1 6= ζ2 ,
|R(ζ2 ) − R(ζ1 )| ≤ k · |ζ2 − ζ1 |, where k ∈ (0, 1)
Rζ
|R(ζ2 ) − R(ζ1 )| = | ζ12 DR(ζ)dζ|. Since DR < 1 by Prop. 1, and DR is continuous on
Rζ
Rζ
I, DR must never exceed some k < 1 on the interval I. Thus, | ζ12 DR(ζ)dζ| ≤ | ζ12 kdζ| =
k|ζ2 − ζ1 |.
Since R is a strict contraction on a complete space I, it has a unique fixed point with
I as its basin of attraction by the Contraction Mapping Principle. Moreover, since I is
attractive from above, the fixed point of R has a basin of attraction of R+ .

40

4.1.5

Summary discussion of the power stroke model analysis

Our power stroke model — if equipped with parameters within the physically relevant
range introduced in Table 4.2 — converges to a steady-state, non-limping gait, represented
by the return map fixed point, ζ ∗ determined in Prop. 3 and representative of the physical
average climbing velocity
ζ̄ ∗ :=

1
T

Z

T

`2 ◦ f t ◦ `˜2 (ζ ∗ ) dt.

(4.1.12)

0

Thus, the introduction of an actuator-model-equipped power stroke does not itself introduce instability.
This analysis of a simplified one-dimensional model has utility in terms of understanding
the underlying dynamics of climbing, and in informing future design decisions. It has
shown that for parameter ranges that correspond to robot designs of interest the dynamics
of this hybrid system in the vertical direction are naturally self-stabilizing. This global
stability behavior inheres notwithstanding the absence of mechanical damping. Instead,
motor back-emf acts as a damper, monotonically reducing motor force as a function of the
climber’s vertical speed.
In ongoing work, we are investigating the stability properties of a more general class
of climbing dynamics models. For purposes of the present paper, however, this analysis
supports the conclusion that the use of passive energy storage elements to distribute the
load on the actuator over a wider percentage of the cycle results in faster climbing without
adversely affecting the vertical stability of our particular climber. With confidence in the
underlying dynamic properties we can proceed with the construction and physical testing
of the physical power train.

4.2

Self-exciting coordination controller

The two physically implemented versions of DynoClimber use two distinct controllers, both
of which are described here. Throughout, we refer to a leg attached to the wall as being
in stance mode, and a leg which is detached from the wall as being in flight mode. All
control code is run on a Linux-based 366 MHz CPU card and custom designed carrier and
motor control boards.

4.2.1

Mirror-law

Although the force controlled actuation scheme described in Section 3.3.3 functioned adequately in simulation, concerns about the inefficiency of the “retarding factor” motivated
the development of two increasingly-more refined force-based controllers to implement on
the physical robot.
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The first improvement upon that preliminary architecture is a 4-state hybrid controller designed to achieve a nearly-constant 180◦ phase difference between legs while still
maximizing the power driving the stance leg at all times. The state of the controller is
established by the stance/flight status of each of the legs.
Imposing the necessary anti-phase influences on feedback-driven hybrid oscillators by
recourse to a “mirror law” first introduced in [18], an approach we adopted with the first
physical version of this robot. In this scheme, a leg in stance mode is commanded the
highest permissible voltage, Vstance = Vmax , while the leg in flight mode is controlled to
follow the stance leg with an offset of π, namely,
Vf light = kp ∗ (θf − θs −

π
− π) + kd ∗ (θ̇f − θ̇s )
2

(4.2.1)

where subtraction on the circle is done modulo 2π; kp and kd are controller gains and θf
is the position of the leg in flight mode, and θs in stance.
Although this controller improves upon the predecessor used in the design simulation,
systematic difficulties remain. Most notably, a leg in flight mode uses error-based tracking
to stay 180◦ out of phase with the continually advancing stance leg; thus, the flight leg lags
the stance leg during every stride, consistently threatening to impose a short but highly
deleterious double-flight phase. In such cases, the legs are brought into the desirable stanceflight configuration by retarding the erstwhile stance leg in the beginning of its flight phase,
while the other leg continues forward into stance as rapidly as possible. This control law
results in empirical convergence to a limit cycle — unfortunately it also abruptly slows
each leg once every stride, albeit less than does its simulated predecessor. The abruptness
in behavior is a consequence of the controller’s intrinsic non-smoothness originating in the
hybrid transition between stance and flight mode.
In addition to slowing the robot’s pace overall, the abrupt transitions required by the
mirror-law controller result in substantial mechanical stress and electrical noise. Thus,
complementing the robot’s mechanical and electrical redesign (described in Section 5.1),
we designed a controller which achieves the same goals as the mirror-law without such
abrupt transitions.

4.2.2

Self-exciting, work-directed

With the goal of eliminating nonsmooth controller transitions and ultimately improving
climbing behavior, while achieving a greater degree of mathematical tractability, a new
controller was introduced concomitant with the modified physical platform.
This controller, like both its predecessors, employs a self-exciting (clock-free) approach
which, in contrast to its mirror-law predecessor, admits an analytical proof of stability,
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while obviating any need for gain tuning to ensure tracking (this proof is demonstrated in
the next subsection, Section 4.2.3). The control law is written in terms of the commanded
voltage signal V =: (V1 , V2 ) and the difference between the motor shaft angles Θ = (θ1 , θ2 ),
δ = θ1 − θ2 where,
"
V (Θ) = VM ax

1
1

#

"
2

− kr sin (δ) ·

u ◦ sin(−δ)

#

u ◦ sin(δ)

(4.2.2)

where VM ax is the maximum voltage and the unit step function, u, outputs the scalar value
1 if its argument is positive and outputs 0 elsewhere.
The retarding gain, kr , determines the transient behavior of the system; a larger kr
forces the system to converge more quickly, at the expense of speed of oscillation during
the transient period and any time the system is perturbed from its limit cycle. With a kr
near 0, on the other hand, the system will return more slowly to its limit cycle during any
transient period, but both motors will, on average, be commanded higher voltages while
the system is away from its limit behavior. As shown in the next section, regardless of the
choice of kr , the system provably converges to a limit cycle with a velocity which does not
depend on the retarding gain. Moreover, as long as kr is kept between 0 and 2, the controller
will not exceed the specified maximum voltage, VM ax . For the experiments described in
Section 5.4, kr has been fixed equal to 0.5. This controller effectively implements hybrid
transitions smoothly and in a provably correct way.
As shown in Section 5.4, this controller permits the robot to climb at an unprecedented
pace and, anecdotally, substantially reduces the stress experienced by the robot’s electrical
and mechanical components.

4.2.3

Coordination dynamics

Given the empirical success of the self-exciting, work-directed controller, we now analyze
its stability to be sure that it will accomplish the prescribed goals regardless of initial
condition or parameter choices. Thus, in this section we prove the correctness of a class
of self-exciting, work-directed controllers. One controller from that class was used for
DynoClimber’s most rapid climbing, and is presented in Section 4.2.2.
We first introduce a simplified leg-coordination model of the physical motor system
in order to provide an analytical basis for the success of our controller. This model is
not intended to be accurate to our specific robot (as are, for instance, the design and
power stroke models). Instead, we construct a general actuator model and prove that our
controller functions as desired if applied to any actuator chosen from that class (including,
of course, the specific actuator implemented on our platform).
Reflecting the morphology of DynoClimber, the leg-coordination model consists of two
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identical motors with shaft angles Θ = (θ1 , θ2 ) ∈ T2 , each subject to the traditional
second-order linear motor model:
θ¨i JR
θ˙i
+
= V,
kτ
kv

(4.2.3)

where θ is output shaft angle, J is the moment of inertia of the commutator, output shaft
and mechanism, R is the winding resistance of the motor, kτ is the torque constant of the
motor, kv is the speed constant of the motor, and V is the terminal voltage. This is an
equivalent model to that employed in [78], with the caveat that we base our analysis on a
system which supplies voltage, not current, to the motors.
It is important to note here that variable loading and frictional effects from the dynamics of climbing (manifested as substantial time variations in J and kv ) dominate the
behavior of the system, and any forces applied to the foot are reflected through a highly
backdriveable mechanism as torques applied to the motor.
We thus wish to minimize our dependence on an accurate system model as the parameters of this model could vary widely based on the operating regime of the robot, and
therefore generalize the motor model from (4.2.3) to include all constant inertia, Rayleighdamped, Hooke’s Law spring potential mechanical systems of the form
k2 θ̈ + k1 θ̇ = V

(4.2.4)

where k1 , k2 > 0. We construct a controller which will achieve its goals regardless of the
choice of k1 and k2 .
We represent the “robot” with two identical but independent actuator models, each
standing in for one of the robot’s motors and linkages:
"
k2 Θ̈ + k1 Θ̇ =

V1 (Θ)
V2 (Θ)

#
(4.2.5)

The controller is designed to dynamically “couple” these putatively independent motors
through a memoryless nonlinear output feedback law that respects their terminal voltage
magnitude constraints and guarantees that in the absence of external perturbations they
will converge as a coupled system to the desired limit cycle on the torus of paired shaft
angles and its tangent space of paired velocities from almost every initial condition. In
employing this abstraction we explicitly neglect the motors’ mechanical coupling through
the body, and relegate the actual task-related properties of body state to the role of “noise”
felt as unmodeled “load” perturbations on independent motor shafts. We turn to the
mechanical design of DynoClimber to demonstrate effective climbing as long as its legs are
maintained in a roughly antiphase relationship. In further defense of our coarse abstraction
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we observe that these models are sufficiently complex that so far the only analytical results
for work-directed controllers encompassing physical actuator models explicitly coupled to
the physical body state model have been obtained for one degree of freedom bodies (e.g.
such as [56]) and that we see the present analysis as a first step along the way to that more
informative but far less tractable problem. We also observe that no smooth work-directed
scheme has heretofore been shown to converge even on T2 .

4.2.4

Coordination controller definition

Formally, letting V := (V1 , V2 ) be the voltage command signal and δ := θ1 − θ2 we take
V (Θ) = VMax

" #
1
1

− h(δ) ·

"
#
u ◦ sin(−δ)
u ◦ sin(δ)

(4.2.6)

where the unit step function, u, outputs the scalar value 1 if its argument is positive and
outputs 0 elsewhere, while h : S1 → R1 is any smooth, even, positive function that vanishes
if and only if its argument is 0 or π.
Combining controller and plant, our system is

k2 Θ̈ + k1 Θ̇ = VMax

" #
1
1

"
− h(δ) ·

#
u ◦ sin(−δ)
u ◦ sin(δ)

(4.2.7)

To verify that our control input is smooth, we show that our term containing step functions,
"
v(δ) = h(δ) ·

u ◦ sin(−δ)

#

u ◦ sin(δ)

is differentiable. First, for δ ∈ (0, π), noting that u ◦ sin(δ) = 1 and u ◦ sin(−δ) = 0,
" #
dv
dh 0
|
=
·
dδ δ∈(0,π) dδ 1
and for δ ∈ (−π, 0), similarly,
" #
dv
dh 1
|
=
·
dδ δ∈(−π,0) dδ 0
Because h is nonnegative and smooth with isolated zeroes when its argument is 0 or π,
v(0) = v(π) = 0, and dh/dδ → 0 as δ → 0 or π from either side. Since the derivative
of a step function is undefined at 0, we define (dv/dδ)(0) = (dv/dδ)(π) = 0. This makes
dv/dδ continuous everywhere and demonstrates that our control input is smooth despite
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the presence of step functions.
A final informal observation about our controller: since the controller specifies motor
voltages directly, it keeps at least one motor operating along its speed-torque curve at
all times. Our present implementation provides no guarantee that motor current will not
fall below the motors’ sustainable current ratings; using this control framework to specify
voltages, as we have done here, can indeed require the motors to overheat. DynoClimber
has not exhibited thermal problems, a trait we discuss in Section 5.1.1.

4.2.5

Proof of correctness

For α ∈ S1 denote the α-translate of the diagonal in T2 as
∆α := {(θ, θ + α) | θ ∈ S1 }.
Proposition 4. The anti-diagonal tangent space,
T ∆π := {(θ1 , θ2 , θ̇1 , θ̇2 )|θ1 = θ2 + π, θ̇1 = θ̇2 }

(4.2.8)

is an attracting invariant set whose domain includes T (T2 ) − T ∆0 .
Proof. Rewrite (4.2.7) in the new coordinates,
"

ρ1
ρ2

#

"
=

θ1 − θ2

#
(4.2.9)

θ1 + θ2

yielding
"

V1 (Θ)
V2 (Θ)

#

"
=

ρ̈1 +ρ̈2
2
ρ̈2 −ρ̈1
2

#

"
k2 +

ρ̇1 +ρ̇2
2
ρ̇2 −ρ̇1
2

#
k1 .

Solving for ρ̈2 in the second equation, substituting it into the first, and simplifying yields
ρ̈1 k2 + ρ̇1 k1 = − h(ρ1 ) · u ◦ sin(−ρ1 )
+ h(ρ1 ) · u ◦ sin(ρ1 )
ρ̈2 k2 + ρ̇2 k1 =V1 (Θ) + V2 (Θ)

(4.2.10)
(4.2.11)

Noting that ρ1 is decoupled from ρ2 , we introduce a LaSalle function over T S1 ,
ρ̇2
E(ρ1 , ρ̇1 ) =k2 · 1 − H(ρ1 );
2
Z |ρ1 |
H(ρ1 ) :=
h(x) dx
0

46

(4.2.12)

h(ρ1 ) goes to 0 smoothly as ρ1 → 0, so H is smooth. By construction, h(x) > 0 ∀x ∈
S1

− {0, π}, and h(0) = h(π) = 0. H(ρ1 ) is strictly decreasing in |ρ1 |, and therefore takes

its minimum at π and its maximum at 0, with no other critical point. It follows that (π, 0)
is the unique minimum of H.
Taking the time derivative of E along the motions of the system, and recalling that
h(·) is an even function, we find
Ė(ρ1 , ρ̇1 ) =
k2 ρ̇1 ρ̈1 + h(ρ1 )ρ̇1 (u ◦ sin(−ρ1 ) − u ◦ sin(ρ1 ))

(4.2.13)

After substituting ρ̈1 from (4.2.10) and cancelling terms, we obtain
Ė(ρ1 , ρ̇1 ) = −k1 ρ̇21

(4.2.14)

Thus, Ė is negative semidefinite and E is a suitable LaSalle function.
Examining the inverse image,
Ė −1 (0) = {(ρ1 , 0)|ρ1 ∈ S1 }

(4.2.15)

we find the only invariant subsets of Ė −1 (0) occur at the zero section corresponding to the
critical points of H, i.e., when ρ̇1 = 0 and h(ρ1 ) = 0, which implies that ρ1 = 0 or ρ1 = π.
Since (π, 0) is a minimum of E, while (0, 0) maximizes E in ρ1 , the former is an attractor
and the latter a repellor, and the result follows.

Corollary 2. The restriction dynamics on the attracting invariant submanifold T ∆π ≈ T S1
gives rise to an almost globally asymptotically stable limit cycle.
Proof. On T ∆π we have (ρ1 , ρ̇1 ) = (π, 0), hence, the restriction dynamics are given by
ρ̈2 k2 + ρ̇2 k1 = 2VMax , and the system yields a single attracting limit cycle of the form
(ρ2 , ρ̇2 )(t) = (ρ2 (0) + ωt, ω)
where ω := 2VMax /k1 .

47

(4.2.16)

Chapter 5

Design and results
The initial physical adaptation of this model was intended to investigate the efficacy of
the proposed template when anchored in a physical machine subject to realistically available power density at a utilitarian scale. To maintain a focus on the template dynamics,
we sought to decouple the vertical and lateral climbing motions from other key environmental interactions required for climbing, such as adhesion to the wall and roll dynamics.
While we initially considered using electromagnets or a substrate engineered to guarantee attachment, we feared that it would hinder our eventual goal of integrating dynamics
into a versatile climbing robot. We chose instead to work with claw-like feet on a carpet
substrate, a combination that proved effective as a starting point for RiSE v1.0 [10], and
on which that robot’s fastest climbs have been recorded [43]. This initial setting gives us
confidence that the attachment developments that have enabled RiSE to move from carpet
to brick, stucco, concrete, etc. [95, 96] may be adaptable to our dynamic climber as well. It
also provides for an equitable comparison of the robots’ relative performances. The ROCR
platform also ascends vertical carpet [81] for reasons similar to ours.

5.1

Mechanical structure and design

The basic mechanical design is adapted directly from the two-dimensional simulation described in Section 3.3, which is comprised of a rigid body and two linearly-moving hands
with springs. The resulting robot, depicted in Fig. 5.1, features two motors, each driving a crank-slider mechanism attached to an arm. As in simulation, each leg has an
energy-storage spring in parallel with the crank-slider. Each foot also features a pair of
passive-wrist springs which act in series with the drive actuation. These passively connect
the claw to the arm and are extended during the beginning of the stance phase, acting
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to mitigate the loading forces on the robot.1 Heavy components such as the motors and
electronics are located below the cranks in order to position the center of mass lower in
allegiance to the idealized mass distribution of the template. The frame of the robot was
initially constructed from ABS plastic, and later from machined aluminum. The transmission system is comprised of a bevel gear pair, a pulley pair, sliders (steel shafts and
linear bearings), and aluminum links. The sprawl angles of both arms are adjustable with
several pre-settings, including the setting of 10◦ , which corresponds to the effective sprawl
angle used by geckos and cockroaches. The robot’s physical parameters are summarized
in Table 5.1.
Claw

Passive
Wrist Spring

Energy Storage
Spring

Robot2.pdf

4-Bar
Linkage

Motor, CPU,
and drive
Electronics

Roll stabilization
bar

Marker for image
processing

Figure 5.1: An annotated picture of the modified DynoClimber hanging on the climbing
track.
To minimize rolling, we outfitted the robot with a roll-stabilization bar, as seen in
Fig. 5.1. This bar extends laterally 20 cm on both sides and approximates the function
of multiple legs in reducing roll dynamics. The template only considers motions in the
1

We do not implement a damper in parallel with the wrist spring as employed in both the template and
design simulation. We suspect that this damper may be important for the stability of a numerical solver,
but not critical to the stability of an instantiated machine. No data or anecdotal evidence from the robot
climbing indicates that the lack of a wrist damper is problematic.
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Table 5.1: Physical Parameters Common to Both Initial and Modified Robot Versions
Body size
Wrist spring stiffness
Parallel spring stiffness
Motor
Gear head
Encoder
Leg sprawl angle

400 × 116 × 70 mm (excluding cables)
640 N/m
58 N/m
Maxon RE 25 118752
Maxon Planetary Gearhead GP 32A 114473
33:1 Gear ratio
Maxon digital encoder HEDS55 110515
500 count/turn
10◦ from centerline

climber’s frontal plane; the roll-stabilization bar is implemented in an attempt to enforce
that assumption. In future work, this bar could be replaced by active rear legs designed
to apply forces normal to the wall which counteract the robot’s natural rolling dynamics. Other dynamic climbing testbeds have also utilized mechanical structures to enforce
planarity [29, 81], and cited rolling as a primary factor limiting vertical speed [81].
We chose to implement a passive attachment strategy where the claw is rigidly attached
to the hand. The bent teeth of the claw, shown in Fig. 5.1, provide a simple mechanical
implementation of directional attachment, in that they engage the substrate when the leg
is being pulled down, and releases when pushed up. A slight pitch angle introduced by a
block under the tail of the robot ensures that the extended foot is closer to the wall than the
retracted foot and aids in attachment at the expense of a slightly reduced effective stride
length. While simple and generally effective, the fully passive nature of this attachment
mechanism does, on occasion, result in lost footholds.2 Future foot designs include an
actuator at the hand which will improve the reliability of attachment, and provide for
control of the phasing of attachment and detachment.
The resulting robot was, due to alterations to the electronics which increased their mass
and changes in the design to increase the structure’s rigidity and strength, 20% heavier
than projected. This initial climber, despite achieving record climbing speed at the time,
had a number of mechanical and electrical flaws. Its ABS plastic baseplate flexed enough
to allow occasional drive belt slippage, and the motor driver filtering circuitry did not have
a sufficiently low break frequency, allowing too much ripple with a supply of more than
18 V. Due to concerns about the weight of the robot, structural strength of the body, and
the limits of the early version of the power electronics, the robot was initially designed to
2

Most attachment failures are caused by inadequate roll stabilization: the robot occasionally rolls in
such a way as to lift its flight leg slightly from the wall. If that lift coincides with the beginning of a
leg’s stance phase, the passive attachment mechanism permits no recourse and the foot is unable to find
purchase.
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climb at a reduced speed. This speed reduction was implemented via a gear reduction of
the motor of 66:1 rather than the 50:1 ratio originally determined to be optimal through
simulation. After testing, however, it became clear that the robot’s locomotion would be
substantially more dynamic if its gear ratio were reduced.
In order to overcome the shortcomings of the initial version of the hardware a modified version of the robot featuring a more robust mechanical structure and an updated
electronics infrastructure capable of operating in the 24 V+ voltage range was built. The
alterations included an all new aluminum frame and new motor drive electronics. These
modifications, however, added an additional 200 g to the robot, resulting in a new total
mass of 2.6 kg. In light of these changes to the robot it was calculated that a new gear
reduction would be necessary to optimize the robot’s climbing speed. Simulation studies
indicated that a total gear reduction of 56:1, which is closer to the original design specification, would maximize climbing speed. Prospective changes were prototyped in the
design model by a literal transcription of parameters, though due to the speed limitations
of the simulation engine, the design model could not be tested for a comprehensive set of
parameter variations. Instead, the vertical power stroke model was simulated over large
gear ratio (altering Fs and ls reciprocally in the model) and stride-length ranges (direct
changes to ls ) to determine roughly-optimal gear ratio choices. Two criteria were used to
determine optimality: the design choices needed to optimize climbing speed while ensuring
that steady-state climbing occurred with the motors drawing less than their continuous
current ratings.3

5.1.1

Comparison of power stroke model and robot

In Table 5.2, we give the parameters used in both versions of the physical robot (see
Section 5.1 for a more complete description) and the best physical equivalences for the
vertical power stroke model. Table 4.2 verifies that both parameter sets meet the criteria
of our proof of stability.
Moreover, we can see that the continuously permissible force generated in both versions
of the vertical power stroke model is, indeed larger than the weight of the climber. Thus,
the constant voltage controller and the current-limiting controller from Section 3.3.3 would
both cause the vertical power stroke to converge to the same steady-state behavior.
3
Exact design choices are often determined by readily-available part sizes; the gear ratio modification
from the initial to the modified version of DynoClimber was physically implemented by changing the belt
gear ratio from 1:1 to 12:14, for instance.
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Table 5.2: Vertical power stroke model and robot parameters
Sym. Description

Units Initial
Robot

Mod.
Robot

M
ls
V
r
lcrank
G
k
Fs
τs
vnl
ωnl
Fc
τc

kg
m
V
m
m
·
N/m
N
Nm
m/s
rad/s
N
Nm
·

2.6
0.13
30
·
.65
56.6 : 1
58
·
.388
·
1780
·
.0240
SEWD
(4.2.6)

5.1.2

Body mass
Stroke length
Battery Voltage
Pinion gear radius
Crank length
Gear ratio
Energy storage spring
Output stall force
Motor stall torque
Output no-load speed
Motor no-load speed
Output continuous force
Motor continuous torque
Controller

2.4
0.12
18
·
.6
66 : 1
58
·
.233
·
1068
·
.0240
Mirrorlaw
(4.2.1)

Initial
Power
Stroke
2.4
0.12
18
.0382
·
66 : 1
58
403
.233
.62
1068
41.5
.0240
Constant
voltage

Mod.
Power
Stroke
2.6
0.13
30
.0414
·
56.6 : 1
58
531
.388
1.30
1780
32.81
.0240
Constant
voltage

Prescribed-length controller

To provide a basis of comparison for the exclusively feedback-driven self-exciting controller,
we construct a benchmark feedforward controller. This controller is adapted from [37],
in which the legs of the robot in simulation are kept exactly 180 degrees out of phase.
Specifically, we command a constant frequency trajectory in motor shaft space (T2 ):
"
Θ∗ (t) =

mod(ωt + π, 1) − π

#

mod(ωt, 1) − π

(5.1.1)

This trajectory moves both reference legs at a constant velocity through motor-shaft space
such that the shafts rotate with angular velocity ω, while keeping both leg targets 180
degrees out of phase. The reference trajectory specified here is geometrically identical, for
some ω, to the emergent limit cycle generated by our self-exciting controller, making this
reference trajectory the exact feedforward analog of our feedback controller.
In order to track the reference trajectory, the following voltages are assigned at the
motor terminals, where Θ(t) is a 2 × 1 vector containing the motor shaft angles at time t:
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"

V1 (t)
V2 (t)

#
= kp (Θ∗ (t) − Θ(t)) + kd (Θ∗ (t) − Θ̇(t))

(5.1.2)

The gains kp and kd are empirically chosen to yield desirable behavior and tracking of the
reference trajectory, while Vi (t) is the voltage applied across the ith motor terminal. The
tracking controller presented here does not claim to provide asymptotically exact tracking.
In order to do so, it would require an accurate model of the system parameters. Given
the difficulty of establishing an accurate system model in the context of a legged robot, we
implement and empirically tune this PD controller. Indeed, the application of a carefully
tuned PD controller is a routine practice, applied to the tracking of a periodic reference
trajectory on both the RHex[86] and RiSE[10] platforms.

5.2

Experimental setup and procedure

To evaluate the robot climbing performance, a 4 m x 0.8 m carpet-surface vertical climbing
wall was built, part of which is shown in Fig. 5.1. A commercial 6-axis force sensor (AMTI
HE6x6) was built into a panel of the wall to collect interacting forces between the left foot
of the robot and the wall. A vision system composed of a commercial HD video camera
(SONY HDR-SR1) and two spotlights for robot motion tracking is located 4m away facing
the climbing wall. In order to simplify the off-line analysis of the visual data, the robot is
painted black and 2 markers are installed rigidly on the body for size calibration.
Both force data and video data are collected while the robot climbs. Video streams
are exported into sequential images for post processing in Matlab. Each color image is
converted to black and white by setting threshold empirically and the “white” objects in
the image are distinguished from each other by a labeling function and by their geometric
relations. For each run the robot was started from rest at the bottom of the track and the
last 5 seconds of climbing were analyzed. In this section we describe experimental results
from two versions of the robot.

5.3

Initial robot performance

Figure 5.2 shows the trajectory and velocity of the center of mass of the robot while
climbing. This figure shows the final 16 steps (8 per leg) after the robot had accelerated
from rest to a steady-state climbing speed. Subplots A and C show the vertical velocity
oscillates substantially during each stride, but averages to about 30 cm/s as the robot
climbs with a stride frequency of 1.8 Hz. Figure 5.3 compares the ground reaction forces and
velocities of the robot and a simulation of a similar 2.4 kg version which has been modified
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5.2: Video-based marker data for eight strides of the robot climbing. (a) vertical
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displacement, (b) lateral displacement,
(c) vertical velocity, (d) lateral velocity, and (e)
RobotPosition4.pdf
the path of the center of mass during climbing.

to match the larger gear reduction and lower applied voltage used in the experiments shown
in Fig. 5.2.
The lateral position and velocity, shown in Fig. 5.2, subplots B and D indicate that
the lateral oscillations are larger than the animal-inspired template, with lateral velocities
about 1.5 times as large as the scaled template. As predicted by simulation, the lower stride
frequency results in larger lateral swings with each stride. The pendular frequency of the
original template body is generally slower than the template’s stride frequency. However,
as stride frequencies are reduced and therefore near the pendular frequency, the rotational
motion of the climber becomes dramatically more pronounced. The COM position plot E
shows how at the end of each stride the motion of the robot is largely lateral. With each
new foot placement the robot begins to reverse direction and accelerate upwards again.
The top row of Fig. 5.3 shows the magnitude and direction of the ground reaction forces
for both the 2.4 kg simulation and the left foot of the 2.4 kg robot. Due to the location
of the force plate on the climbing wall, only force data for the left foot is available. The
robot’s legs remain attached for slightly longer each stride than predicted by simulation
due to the existence of a double support phase: using the passive attachment mechanism, a
foot is disengaged from the substrate after the other foot has engaged and begun pulling up
54

the robot. Consequently, slightly larger magnitude attachment forces and foot-attachment
duty factors of about 60% are seen on the robot.
The second and third rows show the traces of the vertical and lateral speed, which are
very close in both magnitude and phasing. The experimental velocity data’s coarseness
stems from the limited frame rate of the camera used to record the motion. While the
simulation climbs slightly faster than the robot it does not incorporate artifacts associated
with attaching and detaching from a compliant substrate or friction of the body against
that substrate.
2.4 kg Simulation
20
0

0.38

Fy

-20
0

0.5

0.13

0.25
Time (s)

0.38

0.5

1

Vz (m/s)

0.25
Time (s)

Fz

20

0.8
0.6
0.4
0.2

0

0.13

0.25
Time (s)

0.38

0.5

0

0.13

0.25
Time (s)

0.38

0.5

0.5

0.6
0.4
0.2
0
-0.2
-0.4
0

0.13

0.25
Time (s)

0.38

0.5

0.6
0.4
0.2
0
-0.2
-0.4
0

Vy (m/s)

Vz (m/s)
Vy (m/s)

1
0.8
0.6
0.4
0.2
0

0.13

40

0

-20
0

2.4 Kg Robot

B

40

Force (N)

Force (N)

A

0.13

0.25
Time (s)

0.38

Figure 5.3: Ground reaction forces and vertical (Vz) and horizontal (Vy) COM velocities
RobotPerformance5b.pdf
for the 2.4 kg simulation and robot. Note: due to the location of the force plate, only forces
for the left foot of the robot were measured.
These initial results demonstrate that fast, dynamically stable vertical running with a
template-inspired bipedal climbing robot is achievable. Furthermore, an examination of
the stride dynamics indicates that the robot successfully recreates the lateral motions and
ground reaction force patterns seen in the template and in the animals. The self-stabilizing
nature of the resulting gait is highlighted in the first video attachment where the robot is
shown quickly recovering from a missed foothold near the top of its climb.
Past tradition in the locomotion literature has been to provide qualitative comparison
of animal, simulation, and robot test trajectories as we do here in assessing the quality of
model fit [11, 7]. Newer statistical methods of phase comparison [83] suggest a much more
intensive data set than presently available in our prototype implementation can deliver a far
more precise estimate of fit, but such a statistical comparison lies beyond the scope of this
thesis. The comparison of the robot’s motion with the design simulation also demonstrates
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good correspondence, with the average upward velocity, peak lateral velocities, and peak
ground reaction forces agreeing to within about 10%. In addition, the phasing between
lateral and vertical motions and the ratios of the lateral and vertical forces are all preserved.

5.4

Modified robot performance
A

E

B

C

D

RobotPosition5b.pdf
Figure 5.4: Video-based marker data for eleven strides of the modified robot climbing with
a 20V supply. (a) vertical displacement, (b) lateral displacement, (c) vertical velocity, (d)
lateral velocity, and (e) the path of the center of mass during climbing.
As described in Section 5.1, the electrical and mechanical limitations in the original
design induced the design and construction of a modified version of the robot weighing 2.6
kg. The results of running the robot with these design changes and the self-excited, workdirected control strategy (see Section 4.2.2) are shown in Fig. 5.4. With a 20 V supply
the robot ran at an average speed of 39 cm/s. As shown in Fig. 5.4(d), the amplitude of
the lateral velocity oscillations was reduced from 0.6 m/s to 0.4 m/s, matching the scaled
animal-inspired template, see Fig. 3.3. However, as is evident from Fig. 5.4(c) and (e), the
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vertical climbing motion is now asymmetric. The robot limps as it climbs, pulling mostly
to the right with one step and then upwards and to the left with the next step. A more
detailed view of a single limping stride is shown in Fig. 5.5.
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Figure 5.5: Vertical (Vz) and horizontal (Vy) COM velocities for the 2.6 kg robot with a
limping gait.
This version of the physical platform demonstrates a repetitive, asymmetric period-2
gait with no obvious relationship to initial conditions, while the design simulation has not
RobotPerformance7.pdf
demonstrated any such asymmetrical behavior. Identifying more precisely the root of these
phenomena using simplified climbing models is a topic of ongoing research, but outside the
scope of this paper.
In order to test the performance capabilities of the robot, it was run with an input
voltage set to 20 V, 25 V, and 32 V. We found that that average speed of climbing for a
20 V input was 38.8 +/- 2.8 cm/s, and when we increase the input voltage to 25 V the robot
climbs at 44.7 +/- 1.5 cm/s. With a 32 V supply the robot did not demonstrate a period-2
gait and ran at a record breaking 66 cm/s, which in both an absolute and in a dynamically
scale-independent sense is faster than Blaberus discoidalis, the cockroach which inspired
the dynamic climbing template. DynoClimber’s vertical speed even approaches the 77 cm/s
accomplished by geckos [11]. While the robot’s climbing dynamics are assuredly not dynamically similar to that of a gecko, their similar velocities indicate that DynoClimber
(very notably) achieves comparable effective power density.
Notably, the speed achieved by DynoClimber with the self-exciting exciting controller
from Section 4.2 substantially exceeds its top speed using the prescribed-length controller
defined in 5.1.2. The latter controller achieved a maximum speed of 54 cm/s with a prescribed leg frequency of 3.25 Hz4 , while the self-exciting controller reached a top speed
4
Attempts to increase the frequency prescription further led to unstable controller behavior in which
the one of the legs’ angular targets exceeded the respective leg’s angular position by more than 180textth ,
causing the leg to move abruptly in the undesired direction.
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of 66 cm/s with an endogenously-generated leg frequency of 3.9 Hz. with 20% faster leg
movement and a corresponding 22% increase in top speed.
In the short term, electronic infrastructure provides the practical limit on the maximum
voltage that can be applied. Note that electromagnetic motors are only thermally affected
by motor current; voltages larger than nominal are still “safe” as long as motor current
is kept to permissible values and the motor does not spin faster than its specified peak
operational speed. As voltage is increased, additional care must be taken to ensure these
criteria are met. The robot’s legs must be loaded carefully, with neither too much nor
too little resistance. Running the robot’s legs at a high voltage with a heavy load is likely
to cause the motors to draw excessive current and overheat, while spinning the motors
unloaded could permit them to exceed the motor’s maximum permissible speed. However,
for a range of acceptable motor speeds, this increase in voltage enables an impressive
increase in power output.
The ability to sustain climbing at these velocities and voltage levels for extended periods
is uncertain, but the need for high-speed vertical climbing is typically intermittent. For
example, even if due to motor thermal constraints this speed could only be maintained for
one minute, the robot would still be able to scale a height of 40 meters before stopping.

5.5

Discussion of results

With our spring-assisted dynamic climbing robot, DynoClimber, we have developed and
implemented an operational platform design that exploits bioinspired center of mass motions and ground reaction forces to produce vertical climbing speeds of over one and a half
body-lengths per second. For symmetric gaits, the robot performance in terms of climbing
speed, ground reaction force profiles, and velocity phasing match the predictions of the
dynamic simulation. See Table 5.3 for a comparison of robot and model, as well as scaled
animal, climbing speeds. This agreement suggests that the argument in Section 3.3.4 is
correct in predicting that we are near the largest and fastest climber that can implement
template-based climbing dynamics with the currently employed off-the-shelf motors.
In both cases, the physical platform is roughly 30% slower than the corresponding models. This result is unsurprising given the frictionless environment and perfect attachment
of the simulation models. However, the models’ abilities to anticipate rough performance
trends is well brought out in the table: both come close to predicting the 223% empirical
increase in steady state climbing speed (the design model predicts a 220% increase while
the vertical power stroke model predicts a 227% increase).
In this regard, we find the rough agreement between the design and vertical power stroke
models particularly notable: despite the design model’s relative complexity (rotational
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dynamics, crank-slider transmission, wrist springs, and rigid body dynamics), the greatly
simplified purely-vertical power stroke model climbs within 10% of the design model’s
speed. The small discrepancy between these vastly differently abstracted models suggests
the extent to which a climber’s power train determines its vertical velocity.
This agreement reinforces our use of simplified models to make first-order design decisions. While a design model is required to support crucial decisions bearing on implementation details (changing the robot’s mass-distribution, for instance), overarching questions
concerning the soundness of the power stroke concept and its impact on vertical climbing
behavior can be explored far more thoroughly (and, indeed, with some consequent mathematical guarantees) using the vertical power stroke model. Thus, the introduction of
this coarse, reduced-order model allows us simulate power train design choices (i.e. motor
choice, gear ratio, or stride length) much more extensively than would be possible with
the high-fidelity design model alone. Moreover, provided that the unmodeled dynamics
are stable and not disruptive, that model delivers equivalent results.
Table 5.3: Climber and model performance
Parameter
Sim. Speed: Fig. 3.8 (Sec. 3.3.3)
Power Stroke Speed: ζ̄ ∗ (4.1.12)
Robot Climbing Speed
Scaled Roach [37]

Initial Climber
0.44 m/s
0.41 m/s
0.30 m/s
.61 m/s

Mod. Climber
0.85 m/s
0.93 m/s
0.67 m/s
.62 m/s

The robot’s climbing speed is hindered substantially if it exhibits a limping gait, and
both simulation models lose some, but not all, predictive ability. For instance, at 20 V,
the vertical power stroke model predicts a climbing speed of 56 cm/s, 44% above the
robot’s 39 cm/s vertical speed; at 2 5V it suggests the climber will travel at 71 cm/s, 58%
above the climber’s vertical speed.5 The error in correspondence is due to the pernicious
effects of the period-2 gait demonstrated by DynoClimber; we would expect substantially
improved predictive value (in line with the results from Table 5.3) were the climber to have
climbed with a period-1 gait at lower voltages. As mentioned earlier, our morphologically
and parametrically accurate design model does not demonstrate a period-2 or higher gait;
assessing the cause of DynoClimber’s limp is beyond the scope of this paper and the subject
of ongoing research.
To determine the “scaled roach” vertical speed values, we applied the scaling laws
5
While a limp was demonstrated at 20 V and 25 V, but not 32 V, we believe that the robot’s propensity
to limp was not a strict function of applied voltage. Indeed, limps appeared during informal testing at each
of the voltage levels.
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derived in Section 3.2 to the measured cockroach mass and speed from [37] Moreover,
while the robot and both simulations indicate that our initial climber was incapable of
achieving scaled-template-like vertical speeds, the modified climber is able to do so in both
simulation and the physical world.
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Part II

Reduced-Order Template
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Overview
While DynoClimber has strongly verified that the F-G model is able to successfully act as
a template in the design of a physical climber, the presence of large lateral forces observed
in animals while climbing is unintuitive. While ascending dynamically, it would appear
advantageous to restrict forces to the vertical axis as much as possible, thereby maximizing
vertical speed and ensuring that all power output increases the climber’s gravitational
potential energy. While Full and Goldman hypothesized that lateral sprawl improves a
climber’s stability [37] (corroborated in simulation by [69]), the mechanism(s) by which
sprawl improves stability has not been hitherto understood.
In the chapters to follow we explore the behavior of the F-G template more deeply with
the hope of gaining the knowledge of why the template results in stable climbing in both
animals and robots. After introducing a simplified variant of the F-G template which has
two degrees of freedom, one radial and the other rotational, we address the stability of
each degree of freedom in turn, along the way providing evidence that they may, indeed,
be decoupled for analysis purposes.
In the vertical realm, the unremitting cost of work against gravity mandates a critical
assessment of actuator power density and dynamics. However, heretofore there has been no
general understanding of the ways in which actuator dynamics can stabilize or destabilize
climbers, since the F-G template appropriately abstracts them away by merely prescribing
leg length as a function of time. Addressing this critical aspect of dynamic climbing, this
part formalizes and proves the stability of a generalized version of the vertical powerstroke model presented in Section 4.1. The generalization accounts for actuator dynamics
representative of a broad range of prime-movers including any physically reasonable electric
motor or animal muscle description.
Secondly, we establish the necessity for and suggest the nature of the mechanism by
which a sprawled posture stabilizes climbing. We achieve this result by examining a simplified shortening-pendulum model which anchors[32] the F-G template, noting that its
prescribed leg length trajectory typifies the attractive limit cycle delivered by physically
plausible actuators, as guaranteed to exist by our first result. The coriolis forces associated
with the shortening-revolute dynamics are shown to introduce a “positive damping” term
in these angular reductions, suggesting the necessity of an additional mechanism (such as
a sprawl angle) for stable climbing. We therefore extract a one degree of freedom family of
approximants from the pendulous model which capture the angular dynamics of the F-G
mass center. The sprawl-induced stabilizing mechanism exhibited in the one dimensional
family has the character of a “coefficient of restitution” that effectively damps out at each
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successive stride transition the destabilizing coriolis forces that excite the mass center during swing. For a sufficiently large sprawl angle, this coefficient of restitution is shown to
induce stability.
The subsequent chapters are organized as follows, in Chapter 6 we introduce a simplified version of the F-G template, equip it with an actuator that closely matches that of
DynoClimber, and confirm that it climbs with center of mass patterns that closely resemble
those of the robot. In Chapter 7, we restrict this planar climber to the vertical submanifold
to generate a one degree of freedom “power stroke” model, which we prove to be stable for
a general class of actuation schemes. Finally, Chapter 8 provides evidence that a 0-sprawl
climber (the embedding of a power-stroke model in the vertical plane) is unstable, and
then demonstrates the mechanism by which a sprawl angle stabilizes climbing.
Much of the content from Part II has been prepared for publication in [66]
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Chapter 6

Principal Climbing Model
In this chapter we introduce the F-G template [37] and the hybrid dynamical systems
framework we use to define a family of reduced order models whose variants will afford
the insights we present subsequently. In particular, we highlight two DynoClimber-like
instantiations of that family that will play a key role in the sequel, and numerically show
that their climbing behavior corresponds to that of the robot.

6.1

Biological template

The F-G template, already reviewed in Section 3.1, is discussed again here albeit with a
focus on those elements of the template which unsuitable for specific directions of inquiry.
A diagram of the model is given in Fig. 6.1.
First, we henceforth discuss “sprawl angle” ψ as measured between the climber’s centerline and the line drawn between its center of mass and point of attachment. This differs
from the original definition of template sprawl angle in [37] and Section 3.1, but better
accommodates our point-mass abstractions, and primarily just rescales the original quantity. Notably, while the “sprawl” angle drawn between a leg of DynoClimber (or the F-G
template) and its longitudinal axis is 10◦ , a line drawn between the robot’s center of mass
and the toe of the robot forms a roughly 20◦ angle with the robot’s centerline. We use the
latter term as the effective sprawl angle. Both definitions of sprawl are depicted in Fig.
6.1.
Unlike level ground running, which may be modeled accurately by energetically conservative models such as the spring-loaded inverted pendulum (SLIP) [32] and lateral leg
spring (LLS) [90] models, the nature of vertical climbing mandates a continual increase of
potential energy. The F-G template injects this energy by means of a “wrist” spring in
series with each of the climber’s prismatically contracting leg segments. In Fig. 6.1, the
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length of the stance leg is prescribed as
L(t) =

ls
(1 + cos ωt),
2

where ω is the stride frequency in rad/s

1

(6.1.1)

and ls is the step-length (the distance the

stance leg contracts from the beginning to the end of a single step). The definition of L is
equivalent to that from Section 3.1, with a slightly different assignment of variables (the
discrepancy is clear from the diagrams in the respective sections).

Figure 6.1: Depiction of the F-G template with its left leg in stance. When we refer to
“sprawl angle”, we refer to the angle between the climber’s centerline and a line drawn between the center-of-mass and attachment point, given by ψ in this diagram. The definition
of sprawl used in [37] is depicted by β.
The series-spring model of actuation enables the F-G template to fit biological data
absent a muscle model. Animals’ stride frequencies can be measured and then prescribed
in the template, effectively eliminating actuator dynamics and limitations. However, the
stride frequency of a climber is crucially dependent upon power-limitations of its motors
or muscles, as shown in the proof of correctness of the self-exciting coordination controller
given in Section 4.2. The F-G template thus does not provide facility for studying the
1
A stride is composed of both a right-legged step and a left-legged step, so stride frequency is half of
step frequency.

65

energetics of climbing for the purpose of either building robots or understanding the role
of muscle dynamics in achieving dynamic climbing.
Finally, the F-G template as initially proposed poses formidable obstacles to rigorous mathematical analysis. In addition to the essential non-integrability incurred by its
hybrid-pendular dynamics in the presence of gravity, the F-G template includes morphological details such as massy legs and series-spring attachment and collision dynamics that
improve correspondence to the animals it targets but require high dimensional dynamical
representations. Here we develop reduced order variants (i.e. models of lower dimension
and governed by simplified interaction forces) which afford us significantly greater analytical insight while maintaining an overall fidelity to the key aspects of the template’s
qualitative behavior.

6.2

Hybrid systems framework

In this section we introduce a lower dimensional variant of the F-G template which addresses the two concerns raised previously. Specifically, we reduce the dimensionality and
kinematic complexity of the system to promote analytical tractability, and we permit the
inclusion of a general actuation scheme which makes power limited actuation a feature of
central importance. We begin by introducing a mathematical hybrid systems framework
and the essential shortening-pendulum system dynamics.
The reduced order model, depicted in Fig. 6.2, consists of a point mass m connected at
any given time to the wall by a single massless arm which is free to rotate about its point
of attachment located at its distal end. That arm consists of two elements: a fixed rigid
segment of length lb , and a prismatically actuated segment2 which shortens in length from
ls to 0 over the course of the step. Unlike the F-G template, there is no series spring which
mediates attachment forces; the actuator forces act immediately between the climber’s
mass and the wall.
Since the F-G template and DynoClimber employ disparate strategies to shorten their
legs, our model is introduced with a placeholder for actuation force, ρa . We then, in Section
6.3, instantiate two models with specified actuation schemes and characteristic parameter
values. These models are used for simulation and analysis throughout Part II.
We now develop the formalism for our family of reduced order hybrid dynamical systems
models, all representing variations on a very simple “single-flow” instance of the general
scheme of hybrid system representations introduced in [41]. We define a model M to consist
of a 3-tuple
Definition 1. M = (F, T, S):
2

The length of the prismatical joint is given by qr − lb .

66

Figure 6.2: Depiction of the reduced-order model with its left leg in stance. The gravity
vector (labeled g), the point mass (m), sprawl angle (ψ), body length (lb ), the radial
coordinate (qr ), and the angular coordinate (qθ ) are depicted. The solid black leg segment
is the prismatically actuated section which shrinks in length over the course of the stride.
Note that the climber’s legs are massless and therefore a leg’s position when unattached
from the wall has no bearing on the climber’s dynamics.
• A single dynamic flow over the domain D, F : D × R1 → D
• A single threshold function T : D → R1
• A single switching or reset function S : D → D.
Such a system evolves according to its continuous flow until its threshold function achieves
a nonpositive value, at which point the reset function is applied and the system once again
evolves according to its flow from the post-reset state.
A general note: we will use subscripts to distinguish between distinct models and
superscripts to denote the value of key parameters that determine the constituent functions.
Figure 6.3 outlines the models we introduce throughout this paper, and Table 6.1 serves
as a reference of each model and its constituent components.

6.2.1

Domain and flow

This section derives the domain D and dynamic flow F of the hybrid model.
Within its stance phase, the climber’s behavior is that of a 2 degree of freedom point
pendulum whose radial distance from the attachment point is shortening due to the actuator’s work against gravity and rotationally-induced centripetal forces. In a polar coordinate
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Figure 6.3: Outline of the model variants based on the F-G template and DynoClimber
ψ
platform considered through the paper: (a) Mψ
S is defined in Section 6.3.1, (b) ML in Section
6.3.2, (c) MV is the subject of Chapter 7, (d) Mψ
A , defined in Section 8.3, is another variant
with an alternate stride-termination condition, and (e) MB , defined in Section 8.2, is a
variant of Mψ
L with a stricter stride-termination condition.
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Models
Mψ
S
Mψ
L
MV
MB
Mψ
A
FS
FL
FV
T
TB
TA
Sψ
S
Sψ
L

Self-exciting
Definition 2
Prescribed-length
Definition 3
Vertical power-stroke Definition 4
Brachiation
Definition 8
Angle-switched
Definition 9
Dynamic flows
Self-exciting
Section 6.3.1
Prescribed-length
Section 6.3.2
Power-stroke
Chapter 7
Threshold functions
Physically realistic
(6.2.5)
Brachiation
(8.2.5)
Angle-switching
(8.3.1)
Switching functions
Self-exciting
Prescribed-length

(6.3.3)
(6.3.6)

Table 6.1: Models and model components

system, qθ gives the angle between the climber’s body and vertical, as labeled in Fig. 6.2,
and qr gives the distance between the climber’s mass and point of attachment. g = 9.81m/s
gives acceleration by gravity.
We express the climber’s dynamics with a variation on angular position-momentum
coordinates in which we do not use true momentum variables but instead look at the
climber’s Euclidean “tangential velocity” (i.e. the velocity of the climber orthogonal to its
body)3 :
x := (qr , pr , qθ , pθ );

where pr := q˙r and pθ := qr q̇θ .

By inspection of these coordinates, the domain D over which we define the flow is
D = R+ × S1 × R2

(6.2.1)

To derive the climber’s dynamics in these coordinates, we use Lagrangian methods
(function arguments withheld for brevity):

3
This unusual coordinate choice proves to be helpful in Chapter 8, where tangential velocity is preserved
over certain stride transitions, whereas neither angular velocity nor angular momentum remain invariant
across strides.
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L := KE − P E
m
KE = (q̇r2 + (qr q̇θ )2 )
2
P E = −mgqr cos(qθ )
First we look at the equation of motion given by the radial variable. Note that this
degree of freedom is driven by the actuator force ρa using the convention that a positive
actuator force pulls the climber’s mass toward its point of attachment:
∂L
d ∂L
−
= −ρa
dt ∂ q̇r
∂qr
mq̈r − mqr q̇θ2 − mg cos(qθ ) = −ρa
1
=⇒ q̈r = qr q̇θ2 + g cos(qθ ) − ρa .
m

(6.2.2)

Looking at the revolute degree of freedom:
d ∂L
∂L
−
=0
dt ∂ q̇θ
∂qθ
mqr2 q̇θ + 2mqr q̇r q̇θ + mgqr sin(qθ ) = 0
=⇒ q̇θ =

−2ṙq̇θ − g sin(qθ )
qr

(6.2.3)

By taking derivatives of qθ and pθ and substituting (6.2.2) and (6.2.3) as appropriate, we
arrive at the equations of motion for a given stride:


qr






 
 
p
d 
r

=
ẋ =


dt  qθ 
 
pθ



pr
p2θ
qr

+ g cos(qθ ) −

1
m ρa

pθ
qr

−g sin(qθ ) −

pr
qr pθ



.



(6.2.4)

The flow F denotes the solution to (6.2.4) once that equation has been equipped with
a realized ρa . We use the standard notation for the flow of a dynamical system x(t) =
Ft (x(0)). Throughout the paper, we will append subscripts to F to indicate which actuator
function ρa is employed (see Table 6.1).

6.2.2

Threshold functions

The dynamics given in eq. (6.2.4) describe the behavior of the system within a given step,
but do not address the system’s behavior between steps. At the end of a step, the climber’s
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current attachment point is released, and another attachment point is simultaneously established, inducing a hybrid transition of state variables. A threshold function specifies
the state condition which indicates the end of a step.
A step transition is triggered when the threshold function achieves a non-positive value.
The function T which best captures the physical behavior of both DynoClimber and the
F-G templates is given by:
T : D → R1
T(x) := qr − lb .

(6.2.5)

This threshold function achieves a value of 0 (therefore indicating a complete step) when
its length has shrunk from ls + lb to lb (i.e. the actuator has achieved a length of 0). While
we do ultimately propose modifications to this function to be used in specific contexts, as
indicated in Table 6.1 and Fig. 6.3, the basic condition here best represents the behavior
of both the F-G template and DynoClimber, and is used by our two principal simulation
models.

6.2.3

Switching functions

It is at stride transitions that sprawl in the sense of the F-G template comes into play: the
angle drawn at the body between the new and old attachment points is 2ψ, where ψ is the
sprawl angle (see Fig. 6.2). Therefore it is a combination of the climber’s pre-transition
angular position and its sprawl angle which together establish the transition behavior.
The switch or reset function takes as an argument the climber’s state at the end of one
stride and returns its state at the beginning of the next. We use two switching models in
simulation which are defined, respectively, in Sections 6.3.2 and 6.3.1 in relation to their
corresponding actuators.
Since the climber alternates between contact legs, a fully proper treatment of this hybrid
system would define a left-flow and a right-flow and corresponding guard and switching
conditions on each of those flows. However, since each leg’s stance dynamics are identical,
we bypass this potentially obfuscating formality by including “memory” in each of the
switching functions by way of a step-counter, n.

6.2.4

Return maps

In order to evaluate the stability of these various hybrid models, it becomes useful to
associate a discrete return map (and its induced discrete dynamical system) with each
model via a Poincaré section. Specifically, we sample the system’s states as they intersect
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the submanifold P,
P := {x ∈ D|qr = ls + lb }.
This submanifold corresponds to the beginning of a stride, immediately following the application of the reset map S.

In the subsequent definitions, γ specifies the model index, while Fi , Tj , and Sκ refer
to any of the variants of that model’s flow, threshold function, and switching function,
respectively. These indices each belong to a small discrete set of labels listed in Table 6.1,
denoting the range of models whose relationships are depicted in Fig. 6.3.

To define the model’s return map, we first establish the time at which a stride transition
occurs:
τi,j (x) = min{t ∈ R+ |Tj ◦ Fti (x) ≤ 0}.

(6.2.6)

τ thus gives the length of time necessary for a climber to terminate a stride, given a set of
initial conditions.

ψ
Before constructing the complete return map Rψ
γ of Mγ , we isolate its “flow component”

Gγ , which takes an initial condition at the beginning of a step and returns the climber’s
state at the end of the same step just before a reset map is applied,
Gγ : D → D
τ

Gγ (x) := Fi i,j

(x)

(x).

(6.2.7)

The climber’s return map can be written as the switching map composed with the flow
component,
Rγ : P → P
ψ
Rψ
γ (p) := Sκ ◦ Gi (p).

(6.2.8)

Note that the flow component is sprawl-independent, while the return map is not.

We can now define system γ’s discrete dynamics on P,
x[k + 1] = Rψ
γ (x[k]).
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(6.2.9)

Shared parameters
ls
actuator stroke length
13 cm
lb
body length
50 cm
m
body mass
2.6 kg
Prescribed-length model parameters
ω
actuator stride frequency
2π · 3 rad/s
Self-exciting model parameters
ωnl
motor no-load speed
1250 rad/s
τstall
stall torque
.321 Nm
G
gear ratio
56.57:1
lcrank
4-bar crank length
6.5 cm
lcoupler
4-bar coupler length
19.5 cm
k
energy storage spring constant
58 N/m
Table 6.2: Planar Model Parameters

Finally, we introduce several projection operators and pseudo-inverses for them.
π1 (qr , pr , qθ , pθ ) := qr
π2 (qr , pr , qθ , pθ ) := pr
π3,4 (qr , pr , qθ , pθ ) := (qθ , pθ )
†
(qθ , pθ ) := (lb + ls , 0, qθ , pθ )
π3,4

π4 (qr , pr , qθ , pθ ) := pθ
π4†ψ (pθ ) := (lb + ls , 0, ψ, pθ ),

(6.2.10)

These operators are used throughout the paper to define reduced-order return maps.

6.3

Instantiated models

In this section we construct two distinctly-actuated climbing models using parameter values
for simulation listed in Table 6.2. These values were chosen to match those of the robot,
and a comparison of robot data and simulation output is given in Section 6.4. DynoClimber
was designed as a scaled-up, “dynamically similar” physical instantiation of an anchor [32]
for the F-G template [68], and the models presented here are therefore dynamically similar
to the roach as well.
Note that this table does not include sprawl, which we will vary throughout the paper
and therefore specify as a parameter (denoted by superscript) for most of the models we
simulate or analyze, with the exception of the purely vertical ML (Fig. 6.3c) and the purely
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rotational MB (Fig. 6.3e) variants for which sprawl is 0 by construction.
The two models we consider in this section differ by their respective actuation schemes.
We first define a model which anchors [32] the F-G template by introducing explicit actuator dynamics taking the form of a crank-slider transmission driven by a motor operating at
a constant voltage — the same actuation scheme used on DynoClimber. Our second model
introduces energy via a prescribed leg length trajectory, an actuation method similar to
that employed by the F-G template.
Throughout this paper, ρa models all of the electrical, mechanical, and control components (or their biological equivalents, see [69]) which generate a linear force. The choice of
actuation scheme specifies the flow and switching functions of a given hybrid model. An
actuation scheme typically consists of three parts:
• A controller which takes state information (e.g. actuator velocity or time) as its
inputs and returns a control signal such as voltage or nerve excitation.
• A generalized motor which returns a force or torque based upon the output of the
controller. A DC motor outputting a torque or muscle outputting a force are examples of generalized motors.
• A transmission which converts the generalized motor’s output torque into a linear
force acting on the climber’s mass. Examples include rack-and-pinion and crankslider mechanisms.

6.3.1

Self-exciting climber

The controller which empirically maximizes DynoClimber’s vertical speed is a time-independent
“work-directed, self-excited” scheme [67]. In this paper, we capture the relevant dynamical
effects of that empirical scheme by positing the self-exciting controller, ρa , as dependent
solely on the current actuator length qr and contraction velocity pr . This specification
models simple, physically realistic actuators such as a muscle contracting in response to
maximal stimulus [45] or a DC motor driven with a constant voltage. An empirical comparison of self-exciting and time-dependent control schemes may be found in [67].
The self-exciting model we use for simulation is equipped with a DC motor and gearbox
based on those used in DynoClimber. The motor is driven at a constant voltage, mimicking
the robot’s self-exciting controller[67], and motor torque is converted to a linear force by
means of a massless crank-slider linkage. Like the robot, our simulation includes an energy
storage spring that acts in parallel with the driven crank slider. This spring reaches
its rest length when the leg is maximally contracted, and is maximally stretched at the
beginning of each stance phase. All physical constants are chosen to represent the empirical
DynoClimber and are listed in Table 6.2.
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The standard DC motor model implies a linear tradeoff between the speed at which
a motor spins ω and that motor’s torque output τm for a motor operating at a constant
voltage,
τm (ω) =

ωnl − ω
· τstall ,
ωnl

(6.3.1)

where ωnl is the no-load speed of the motor4 , and τstall is the motor’s stall torque5 .
We do not include the (standard) crank-slider kinematics here for the sake of brevity
but include parameters labeled with standard names in Table 6.2. Representing the crankslider’s torque to force Jacobian as J , the full actuation force in our implementation of
the climber combines the linear force generated by the motor as well as a parallel energy
storage spring with a spring constant k matching the spring constant from DynoClimber,
ρa,S (qr , pr ) = J(qr ) · τm (pr ) + (qr − lb ) · k.

(6.3.2)

Substituting this actuator into the shortening pendulum dynamics from (6.2.4) now
yields a dynamical system whose trajectories are denoted by the self-exciting flow map,
FS .
In contrast to the prescribed-length length case presented in the next section, the selfexciting model’s point-mass velocities on the Euclidean plane are preserved over stride
transitions,

Sψ
S (x)

ls + lb


 sin(2ψ · (−1)n )pθ + cos(2ψ)pr
=

qθ + 2ψ · (−1)n

cos(2ψ)pθ − sin(2ψ · (−1)n )pr




.



(6.3.3)

With both a flow and a switching function defined, we now define the complete selfexciting planar climbing model Mψ
S using these functions.
Definition 2. The self-exciting model is specified as
ψ
Mψ
S := (FS , T, SS ),

where FS is defined in (6.2.4) and (6.3.2), T is defined in (6.2.5) and SS is defined in (6.3.3).

6.3.2

Prescribed-length climber

The prescribed-length climber effectively eliminates actuator dynamics by guaranteeing
that the climber’s leg length qr follows a prescribed trajectory r∗ (t). The consequent
4
The speed at which the motor’s back-emf equals applied voltage. At this speed, the motor does no
external work.
5
The torque which the motor generates when held fixed with 0 velocity.
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elimination of actuator dynamics reduces the return map dimensionality and is used in
Chapter 8 to help us better understand rotational stability. We must define two functions:
the model’s flow FL and its switching function SL .
By inspection, we are able to write the actuator force which generates a prescribed
actuator length trajectory as
ρa,L (x, t) := −mr̈∗ (t) + mg cos(qθ ) + m

p2θ
.
qr

(6.3.4)

The prescription of leg length trajectory in this model is based on the F-G template’s
prescribed leg-length from eq. (6.1.1), and is also inherited from a steady-state stride of
DynoClimber (owing to its crank-slider transmission) [68]:
(
r∗ (τ ) =

lb +

ls
2 (1

+ cos ωτ ) τ ∈ [0, ωπ ]
lb

elsewhere

,

(6.3.5)

where ω is stride frequency in rad/s. Note that τ is used in eq. (6.3.5) to represent the
time elapsed (in seconds) from the beginning of a given step. Thus, each step begins with
τ = 0. According to the standard threshold function T from (6.2.5), strides of this climber
end when τ =

π
ω.

The flow FL denotes the solution of the dynamical system generated when ρa,L is
substituted for ρa in (6.2.4).
The reset dynamics of this model also respect the leg-length prescription from eq.
(6.3.5). Specifically, each stride begins and ends with a radial velocity of 0:

Sψ
L (x)

ls + lb



0
:= 
 q + 2ψ · (−1)n
 θ
cos(2ψ) ∗ pθ








(6.3.6)

Note that rotational velocity is not preserved over stride transitions under this switching
law.
With both a flow and a switching function defined, we now define the complete prescribedlength planar climbing model Mψ
L using these functions,
Definition 3. The prescribed-length model is specified as
ψ
Mψ
L := (FL , T, SL ),

where FL is defined in (6.2.4), (6.3.4) and (6.3.5), T is defined in (6.2.5) and SS is defined
in (6.3.6).
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6.4

Model Comparison

To justify the subsequent analysis, we first establish that the behavior of the self-exciting
climber does, in fact, approximate that of DynoClimber. Thus we simulate that model
◦

which best resembles DynoClimber: M20
S . DynoClimber data in this section is adopted
from the same data set reported in Chapter 5.
When we transform from the local coordinate x to global Euclidean ones, the selfexcited climber exhibits center-of-mass motions which bear striking similarity to those of
DynoClimber. Specifically, DynoClimber’s average vertical speed over a 3 second topspeed interval is 72 cm/s, and its average horizontal speed magnitude is 20 cm/s. Over an
equivalent interval, MS achieves an average vertical speed of 75 cm/s and a mean horizontal
speed magnitude of 15 cm/s. The vertical velocities of both climbers over this interval are
depicted in Fig. 6.4b, and the horizontal velocities in Fig. 6.4c.
While not identical to DynoClimber, the velocities and COM movement of our selfexciting model share a remarkable resemblance with those of the robot, especially considering that the comparison is between a set of experimental data and the simulation of a
reduced-order model.
The most striking disagreement between the velocities of the climbers is the significant
stride-frequency mismatch. DynoClimber demonstrates a peak stride frequency of roughly
◦

3.7 Hz, whereas M20
climbs at a slower 3.0 Hz, despite the fact that it is ascending more
S
rapidly. We believe that two unmodeled effects principally account for this discrepancy.
First, DynoClimber’s legs do not extend and retract strictly in the plane of the climbing
surface; the robot’s legs are angled toward the wall at an angle of 8 degrees. This mechanism
is employed to improve the robot’s consistency of attachment, but also effectively shortens
the stroke length of the robot and contributes to a higher-frequency stride. However, this
small angle is not enough to fully explain the substantial stride frequency discrepancy.
A second factor pertains to step length: DynoClimber’s attachment is not secure over
its entire morphological stride length, i.e. the robot does not achieve attachment for the
◦

full duration of its leg’s stroke. While M20
S exhibits perfect attachment (the climber’s leg
attaches instantaneously to the wall with rotational pin joint), the robot employs a passive
attachment mechanism [22] that relies on relative motion between climber’s claw and the
wall. At the beginning and end of each stride the crank-slider transmission is near its
singularity, resulting in a relatively slow end-effector (claw) velocity. This slow shortening
velocity sometimes results in delayed attachment or premature detachment of the claw to
the substrate. These effects reduce the loading on the robot’s legs and permit slightly more
rapid leg circulation.
Stride-frequency mismatches notwithstanding, MS appears to capture the essential
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◦

Figure 6.4: A comparison of M20
S climber (solid lines) and DynoClimber (dashed lines) in
steady-state, high-speed climbing. (a) shows the two climbers’ center-of-mass trajectories
on the vertical plane, (b) and (c) show the time-trajectories of their vertical and horizontal
velocities, respectively. The irregular lateral motion in the DynoClimber COM data is a
startup transient as the robot accelerates.
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behavior of DynoClimber. We thus proceed to analyze this reduced-order model with confidence that its behavior strongly resembles that of physical climbers despite its simplicity.
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Chapter 7

Vertical Climbing
Though a self-exciting controller enables DynoClimber to climb substantially faster than
one based on a length prescription, the two actuation models discussed in Section 6.3
generate qualitatively similar mass center motions when implemented in the robot [67].
However, a self-exciting actuation scheme couples system and actuator dynamics, while a
prescribed-length actuator does not. In this section we restrict the planar model from the
previous section to the vertical axis, equip it with any self-exciting actuator drawn from a
class, and use this model to determine the possible consequences of introducing actuator
dynamics.
The legged-locomotion literature has a long history of studying of reduced order models
to gain insight into their higher-order counterparts. In [56], for instance, a 1-DOF reduction
of the SLIP template is shown to demonstrate a spectrum of behaviors witnessed in hopping
robots (oscillatory convergence and period-doubling bifurcations, for instance). Here, as
in that study, we examine a 1-DOF reduction.

7.1

Power-stroke model

Chapter 4 presented a preliminary version of this power-stroke model with a motor and
linear transmission which was proved to converge to a period-1 gait for parameter values which correspond to those used on DynoClimber. Chapter 5 showed that the vertical climbing speed of that model approximates that of the robot for various parameter
combinations. Should the purely-vertical climber employ the prescribed-length actuator
described in Section 6.3, the power-stroke model’s radial position would be prescribed as
a periodic function of time and thus trivially stable. Since the power-stroke model has no
angular freedom, its dynamics are nontrivial only if we incorporate a self-exciting actuator
scheme within it.
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Here we generalize formal result from Chapter 4 from a simple linear actuator to a
entire class of actuation schemes.
Our power-stroke model is, quite simply, the 0-sprawl planar climber when initialized
with qθ = 0 and pθ = 0. In that case, its locomotion remains purely vertical and its
dynamics are given by (q˙r , p˙r ) from (6.2.4) with (qθ , pθ ) = (0, 0) for all time:


0





d
x=

dt


0



.



pr
g−

1
m ρa

(7.1.1)

Referring to the flow of this purely vertical dynamical system as FV , we define the vertical
power-stroke model,
Definition 4. The vertical power-stroke model is specified as
MV := (FV , T, S0S ),
where FL is defined in (7.1.1) using actuator characteristics from Table 7.1, T is defined
in (6.2.5) and SS is defined in (6.3.6).
We find it convenient, however, to map the radial degree of freedom into a Euclidean
coordinate established on the vertical axis:
"
# "
#
y1
−qr + ls + lb
=
y2
−pr

(7.1.2)

Isolating the nontrivial (radial) degree of freedom from eq. (7.1.1) and transforming it into
Euclidean coordinates,
d
dt

y1
y2

!

!

y2

=

−g +

1
m ρa

.

(7.1.3)

We define
f t (y1 (0), y2 (0))

(7.1.4)

to be the flow of this reduced order and transformed dynamical system, and note that this
flow is simply the restriction of FV composed with two coordinate changes.
At the beginning of each stride, the 1-DOF climber has a nominal height of y1 = 0,
and some initial velocity y2 ≥ 0. Throughout the stride, upward forces are applied by
the actuation scheme while gravity pulls the climber downward. The physically relevant
switching condition (T) applies here: a stride terminates if and when y1 = ls . We apply
a reset function at the end of each stride and the implicit virtual biped instantaneously
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Mathematical Expression
ρa must be Lipschitz.

limy2 →∞ ρa (y1 , y2 ) ≤ 0

∂ρa (y1 , y2 )
∂y2

<0

∃t > 0 s.t. π1 ◦ f t (0, 0) = ls

∀t > 0, and y2 (0) ≥ 0, π2 ◦ f t (0, y2 (0)) ≥ 0

Physical Interpretation
The vertical force which the climber applies must vary gradually as the climber’s
state changes - muscles and motors do not
act infinitely abruptly.
The actuator must have limited power
output; it can not produce positive force
at arbitrarily high velocities.
Actuator force output must vary monotonically with the actuated velocity.
The actuation scheme must supply
enough force to cause the robot to ascend
one stride from rest.
The climber must only move upwards

Table 7.1: Properties of ρa and requirements for adequate actuation
switches legs with sprawl ψ = 0, and the climber is once again pulled upward according to
the same actuation model.

7.2

Proof of stability for general actuation scheme

Table 7.1 introduces conditions upon ρa and the mass of the climber which provide sufficient
structure to allow a stability proof. Many common actuators readily meet the requirements
placed upon ρa . Most notably, one may connect either electric motors operating at a
constant voltage, or maximally-stimulated muscles to an end-effector (as we do in Part
III of this thesis) by way of a non-singular passive transmission, and these criteria are
satisfied1 .
We now prove that the 1-DOF climber, endowed with the properties from Table 7.1,
globally converges to a unique period-1 gait2 .
Before beginning the proof in earnest, a critical behavior demonstrated by our model
must be noted: for two identical climbers beginning at time 0 with different velocities,
the climber which begins a stride with a larger velocity maintains a larger velocity at
each height than the climber which started off more slowly. This property results from
the assumption that ρa is Lipschitz; the consequent uniqueness of solutions precludes the
1
A crank-slider transmission does contain such singularities; to avoid this potential mathematical pitfall
we approximate the mechanism’s behavior near the extrema of its travel, thereby maintaining Lipschitz
behavior throughout.
2
The third criterion from Table 7.1 may be relaxed from a strict to a weak inequality; if we stipulate
1 , y2 )
that ∂ρa (y
≤ 0, the climber still converges to period-1 gait, but that gait is non-unique. For a more
∂y2
detailed investigation of this relaxation, see the appendix.
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intersection of any distinct solution trajectories of (7.1.3). Specifically, the trajectories of
two climbers starting from the same standard initial position of 0, with two distinct initial
velocities, v1 6= v2 , never intersect: ∀t1 , t2 ≥ 0, f t1 (0, v1 ) 6= f t2 (0, v2 ). Since the states
of the two climbers may not intersect at any future time, the climber which has a higher
initial velocity maintains a higher velocity throughout the stride, a trend which continues
for all future iterated strides.
It is expeditious to work with the climber’s kinetic energy, E = K(y2 ) =

m
2

· y22 .

Since the climber’s velocity is always positive, this map has a well-defined inverse
q which
−1
extracts the upward velocity corresponding to a kinetic energy, y2 = K (E) = 2·E
m . We
furthermore define the interval I = [0, ls ], and remind the reader that π2 is the (previously
defined) projection operator returning the second element of its argument. The following
function definitions are useful:
Definition 5.
V : R+ × I → R+

V (E0 , χ) := K π2 ◦ f τ (0, K −1 (E0 ))
where, as defined in eq. (6.2.6), τ gives the end-of-stride time of the climber; we withhold
its arguments for brevity.
V gives the kinetic energy that the climber possesses when it is at length χ, having
begun the stride with kinetic energy E0 . V is guaranteed to exist (and be unique) since ρa is
Lipschitz and has been chosen to guarantee upward motion from the climber. Moreover,
since f is continuous, V must also be continuous. Note that V (E0 , 0) = E0 .
Definition 6.
rV : R+ → R+
rV (E0 ) := V (E0 , ls )
rV , the kinetic energy return map for eq. (7.1.3), takes the kinetic energy of the climber
at the beginning of one stride and returns the climber’s energy at the end of that stride and,
hence, at the beginning of the next. The continuity of rV is evident from the continuity of
V.
Definition 7.
F : R+ × I → R1

F (E0 , χ) = −m · g + ρa χ, K −1 (V (E0 , χ))
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F is similar to V in that it accepts an energy and a length. Instead of returning an
energy, however, it returns the net vertical force on the climber at length χ, when that
climber began its stride with energy E0 . Once again, F must be continuous since ρa and
V are continuous. Our goal is to demonstrate that 0 ≤ r0V (E) < 1 for any E, which
proves that rV (E) − E is monotonically decreasing and hence has a unique zero. This
demonstration then implies that the discrete system E[k + 1] = rV (E[k]) has a single
globally asymptotically stable fixed point. Our proof examines r0V in two parts.
Proposition 5. The energy return map, rV , has a slope greater than 0: r0V (E) ≥ 0.
Proof. by contradiction: Suppose there is some E such that r0V (E) < 0. Then, for some
 > 0, rV (E + ) < rV (E). Let us now define the function
D(χ) := V (E + , χ) − V (E, χ)
Evaluating this function at 0,
D(0) = V (E + , 0) − V (E, 0)
=E+−E =
>0
and D(ls ) < 0 by our hypothesis. D is continuous, as it is the difference of two continuous
functions. Thus, it must have a 0 crossing at some χ∗ ∈ (0, ls ). This demonstrates an
intersection between two energy trajectories which began at different initial conditions:
V (E + , χ∗) = V (E, χ∗)
Since the two trajectories have positions and kinetic energies which intersect, their positions
and velocities clearly must also intersect. Such intersections contradict the fact that flows
of our system trace unique trajectories through configuration space. Thus, r0V (E) ≥ 0.
Proposition 6. The amount of kinetic energy added to the climber over a stride decreases
as the initial kinetic energy of the climber increases: r0V (E) < 1
Proof. Note that uniqueness of solutions provides, for E1 , E2 > 0, V (E1 + E2 , χ) >
V (E1 , χ). Kinetic energy and velocity are monotonically related, and the magnitude of
ρa decreases as the magnitude of climber velocity increases from (see Table 7.1), so
F (E1 + E2 , χ) < F (E1 , χ)
84

(7.2.1)


Noting that F (E, χ) + m · g = ρa χ, K −1 (V (E0 , χ)) , we write the total energy added
to the system by the actuator over the course of the step:
Z

ls

(F (E, χ) + m · g)dχ

∆P =
0

Z

ls

F (E, χ)dχ + m · g · ls

=
0

This energy must either contribute to the kinetic or potential energy of the climber, so the
change in kinetic energy of the climber is given by
Z

ls

∆P − m · g · ls = rV (E) − E =

F (E, χ)dχ
0

Thus, integrating both sides of equation (7.2.1), we find
Z

ls

Z

ls

F (E1 , χ)dχ

F (E1 + E2 , χ)dχ <
0

0

rV (E1 + E2 ) − (E1 + E2 ) < rV (E1 ) − E1

(7.2.2)

We may now rearrange equation (7.2.2) and divide both sides by E2 to yield
rV (E1 + E2 ) − rV (E1 )
< 1,
E2
and taking the limit as E2 → 0,
r0V (E1 ) < 1
Which demonstrates the result.
Proposition 7. rV , the kinetic energy return map, has a single globally attractive fixed
point.
Proof. We first demonstrate that a single fixed point exists. The climber, if beginning at
rest, must climb at least a single stride. This is given as the fourth condition in Table 7.1
and implies that for sufficiently small E, rV (E) ≥ E; the climber must finish a stride with
a velocity greater than or equal to 0. Moreover, ρa is power-limited; for sufficiently large
E, rV (E) < E. The continuity of rV , then, implies that rV has a single equilibrium point
Ē, rV (Ē) = Ē. Ē is unique, since r0V (E) < 1.
We now divide the state space of our system into three regions to demonstrate that Ē
is attractive:
1. E = Ē
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2. E < Ē
3. E > Ē
In case (1), rV (Ē) = Ē, by the definition of Ē.
In case (2), we examine trajectories of our discrete dynamical system as real sequences
{E[0], E[1], ..., E[k], ...}, wherein E[k + 1] = rV (E[k]). In this context, we show now
that any initial E[0] drawn from case (2) converges to Ē. Note that for any E2 > E1 ,
rV (E2 ) > rV (E1 ), by the monotonicity of the return map. Since rV (Ē) = Ē and Ē > E,
rV (E) < Ē; by uniqueness, the sequence of energies beginning at E[0] has the property
that E[k] ≤ Ē, ∀k ≥ 0. Moreover, the sequence E[k] is evidently increasing. Thus, we have
a bounded increasing sequence which therefore must converge. This convergence means
that limk→∞ rV (E[k]) = limk→∞ E[k], and E[k] must converge to the only equilibrium
point, Ē.
A symmetrical argument applies to case (3).

7.3

Contrasting return map analyses

Through return map analysis, we have demonstrated that the power-stroke model exhibits
stable behavior for an entire class of actuators. Previous investigations of 1-DOF reductions
of biological templates have not found such conclusive results. The energy return map of
a vertical hopper — a reduction of a Spring-Loaded Inverted Pendulum (SLIP) — was
analyzed in [56]. In contrast to the globally convergent, non-oscillatory power-stroke model,
the return map of a hopper can exhibit oscillations with certain parameter combinations.
The disparity between these two ostensibly similar models prompts a discussion of its root
cause.
The proof of stability contained in this section demonstrated that the power-stroke
model’s return map has a slope between 0 and 1, guaranteeing a single globally asymptotically stable equilibrium point, while the vertical hopper’s 1-dimensional return map
has a slope that is less than or equal to 1 [56]. The upper bound on both models’ return
map slopes is established by a common root: the amount of energy added over the course
of a stride (for both models) decreases as a function of initial energy. Since both models
have return maps with slopes below unity, the differences between models are tied to the
possibility of a return map with a slope below 0. This disparate behavior is rooted in
differences in actuation.
The class of actuator functions in the power stroke model return a force solely as a
function of the actuator’s current length and contraction velocity; the power-stroke model’s
dynamics are fully specified by a time- and stride-invariant vector field over the climber’s
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state variables. As demonstrated earlier in this section, the constancy of this vector field
precludes state-variable trajectories of the climber from intersecting. It is this condition
which keeps the return map’s slope positive and prevents oscillations from occurring.
In contrast, the SLIP model and its underlying hopper introduce energy by altering
either the spring constant or rest length of the single hopping spring on a stride-to-stride
basis. Thus, the vector field determining the hopper’s dynamics varies from one stride to
the next. Without constant dynamics from stride to stride, the hopper’s return map may
demonstrate oscillatory behavior. Reference [56] presents a reasonable nonlinear spring
and control law which demonstrates exactly this phenomenon.
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Chapter 8

Planar Climbing
Thus far we have established that purely vertical locomotion is stable for a broad class
(specified in Table 7.1) of force-based and any periodic prescribed-length actuators. We
now study the rotational stability (qθ , pθ ) of a climber free to rotate about its point of
attachment in the vertical plane.
Throughout this section, we study ML instead of MS because
1. the power-stroke model is globally stable for any self-exciting actuator of biological
or engineering interest (per the assumptions of Table 7.1) , and
2. the prescribed-length model, ML , entails a leg length trajectory, r∗ (t) (6.3.5), characteristic of both the F-G template and an appropriately designed climber such as
DynoClimber.
Doing so eliminates the dynamics of the radial degree of freedom (qr , pr ) and allows us to
focus on the rotational coordinates (qθ , pθ ).
We begin by characterizing the stability of the prescribed-length climber. In order to
do this, we first reduce and linearize that climber’s return map in Section 8.1. Then, in
Section 8.2 we argue through a combination of analysis and simulation that an unsprawled
climbing is unstable. To explain the mechanism by which sprawl is apparently stabilizing,
we introduce in Section 8.3.1 the “angle-switched” model MA . This caricature is predictive
of ML but has a 1-dimensional return map. Using this return map as a means of focusing on
the purely rotational component of the dynamics, we are able to highlight the mechanism
by which a sprawled posture stabilizes a dynamic climber.

8.1

Linearization of ML

To assess the stability of Mψ
L in a principled way, we study the system’s return map.
Ordinarily, a 4th order system sampled at successive passage through a 1-dimensional
88

Poincaré section would result in a 3-dimensional return map. However, the prescribedlength actuator length specified in eq. (6.3.5) guarantees that qr = lb + ls always coincides
with pr = 0, effectively reducing the number of free dimensions at the Poincaré section
from 3 to 2. Thus, using the planar projection of (6.2.10) and its pseudo-inverse, the return
map associated with Mψ
L is
rL : S1 × R+ → S1 × R+
†
rL (qθ , pθ ) := π3,4 ◦ RL ◦ π3,4
(qθ , pθ )

(8.1.1)

The nonlinear pendular and time-varying dynamics of (qθ , pθ ) preclude a closed form
analytical expression for rL . Since the local stability properties of a non-degenerate dynamical system are prescribed by its linearization [40], we examine a numerically derived
approximation to the linearization of (8.1.1) at its fixed point footnote Extensive numerical
investigation reveals only a single fixed point of rL over the parameter regime of physical
relevance, i.e. where ls and lb ∈ [.1, 1] for ω = 3. Note that since the climber’s stability is
preserved for dynamically similar scalings, we fix one of our three system parameters and
consider a wide range of variations in the other two. that takes the form
"

qθ [k + 1]

#

pθ [k + 1]
where A ∈ R2×2 , and b ∈ R2

1

"
=A·

qθ [k]
pθ [k]

#
+ b,

(8.1.2)

fits give rise the numerical fixed point approximant,
"

qθ∗
p∗θ

#
= −A−1 b,

and the numerically computed eigenvalues of A determine the stability of the equilibrium
point.
This numerically approximated linearization will be used throughout the section whenever we assess the return map equilibrium or stability of ML .

8.2

0-sprawl

First we specify ψ = 0, effectively placing the power-stroke model from Section 7 on a
vertical plane with a free rotational hinge at its point of attachment to the wall. Each
subsequent foot placement is directly in line with the previous one (i.e. at the same angle
1
A and b are determined using least-squares regression fit from simulations of Mψ
L . The return map
arguments qθ and pθ are reflected on alternate strides to respect the symmetry between left and right
strides.
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with respect to gravity). Treating qr and pr as time-varying parameters, we look at (q̇θ , ṗθ )
from (6.2.4),
d
dt

qθ
pθ

!
=

!

pθ
qr

−g sin(qθ ) −

pr
qr pθ

.

(8.2.1)

Examining the rotational state variables over a 0-sprawl transition, it becomes clear
that they are constant2 :
π3,4 ◦ S0L (x) = π3,4 (x).

(8.2.2)

To assess the stability of this system, we examine the Lyapunov function
VL := g(1 − cos(qθ )) +

1 2
p .
2qr θ

(8.2.3)

Differentiating,
V̇1 = −

3pr 2
p .
2qr2 θ

(8.2.4)

While not a quantity of immediate physical significance, VL is closely related to energy
and is equal to

RKE + GPE
,
m·qr

where RKE and GPE are rotational kinetic and gravitational

potential energies, respectively. VL evolves continuously in time during a stride, but may
experience discontinuities as the reset map is applied; while the rotational variables (qθ , pθ )
are unaffected by the reset map, the same is not true for qr which also appears in VL .
For any physically reasonable climber, the actuator must not lengthen (i.e. pr ≤ 0),
and the body of the climber must have a positive length (i.e. qr > 0). With these
conditions met, V̇1 ≥ 0 throughout a stride, implying VL is guaranteed to increase between
the beginning and end of a single step. This does not constitute a complete demonstration
of a climber’s instability, however, because VL can change in value discontinuously when
the switching function is applied.
An analytical demonstration of instability for models using the natural threshold function T has not been forthcoming, but we demonstrate that a simplified projection of M0L
resulting from a further restriction of the threshold T results in provable instability. Specifically, we examine the brachiation-like switching scheme (e.g. [76]),
TB (t) := (qr (t) − lb )2 + pθ (t)2 .

(8.2.5)

This threshold function terminates a stride, as does T, when qr = lb , but additionally stipulates that pθ = 0 for a stride to terminate. Thus, we obtain a very restricted
2
Thus the rationale for our choice of tangential linear velocity instead of angular velocity: for a 0-sprawl
d
climber, dt
(qθ , pθ ) from eq. (8.2.1) can be thought of as a set of continuous differential equations with
time-varying parameters qr and pr .
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climber whose stride ends exactly at the apex of its swing, having already reached maximal
contraction.
Definition 8. The “brachiating” model is specified as
MB := (FL , TB , S0L ),
where FL is defined in (6.2.4), (6.3.4) and (6.3.5), TB is defined in (8.2.5) and SS is defined
in (6.3.6).
Proposition 8. MB has unstable angular dynamics.3
Proof. Evaluating VL (x) = −g cos(qθ ) +
r 2
− 3p
p
2qr2 θ

1 2
2qr pθ

for this system, we first note that V̇1 =

≥ 0 at every point during a stride. Since TB ensures that every stride transition

occurs when pθ = 0 and any discontinuity in VL must stem from a discontinuity in qr , VL
is continuous over stride transitions. Thus, when evaluated over MB , VL a positive-definite
continuous function with a nonnegative derivative; the angular dynamics must therefore
be unstable.
Simulations indicate that instability is the rule for zero sprawled climbing, and not
an exception particular to any restricted guard condition or actuation scheme. Climbers
defining the end of a stride with the more physically accurate guard condition T almost
always exhibit a net increase in VL from the beginning of one stride to the beginning of
the next. Indeed, over vast parameter ranges, and for both prescribed-length and selfexcited actuation, the 0-sprawl climber is invariably unstable over multiple strides. To
demonstrate this, we simulate variations on the prescribed-length climber M0L for a variety
of physical parameter values and regress A and b. Figure 8.1 plots the largest eigenvalue
magnitude of A as a function of ls and lb ; notice that the climber is always unstable (ie.
there is always an eigenvalue with magnitude greater than 1).

8.3

Sprawl-induced stability

While the 0-sprawl planar climber exhibits unstable behavior, simulation studies (presented in Section 6.4) have demonstrated that the planar climber can be stabilized by the
introduction of a sufficiently large sprawl angle. In this section we discuss the mechanism
by which sprawl stabilizes the planar climbing model.
3
We note that this result can be generalized to any climber with a positive and non-increasing leg length;
a leg length prescription is not necessary.
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Figure 8.1: Maximum magnitude eigenvalues of A evaluated for a sampling of different
physically-reasonable parameter combinations of M0L . While the fine-grained numerical
approximation evidently generates some noise, the general trend is that while climbers
equipped with larger values of ls and smaller values of lb are less stable (i.e. they have
larger eigenvalue magnitudes), the model is unstable for any parameter combination.
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8.3.1

Approximating stable gaits

We begin by qualitatively describing an equilibrium sprawled gait of Mψ
L and construct a
lower dimensional approximate projection, the angle-switched model, Mψ
A , that will enable
us to exhibit more transparently the mechanics of sprawl-induced stability.

◦

◦

20
Figure 8.2: These plots show a steady-state gait of M20
L and a sample stride of MA . (a)
gives their angular positions qθ , and (b) their tangential velocities pθ .

Figure 8.2 depicts the time trajectories of qθ and pθ for one step of the (stable) equi◦

◦

20
librium gait of M20
L and its approximating projection, MA (to be defined shortly). De-

scribing a typical “left-legged stride” of the prescribed length climber,the step begins with
qθ = ψ + , where  is a small angle (on the order of 0.5◦ ), and pθ > 0. Over the course
of the stride, qr shrinks as the climber’s mass swings counter-clockwise and then back
clockwise. The climber’s radial length reaches lb , terminating the stride, coinciding with
qθ = ψ −  and pθ < 0.
Observing that equilibrium strides of the prescribed-length model begin and end with
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qθ ≈ ψ, we introduce a modified threshold function Tψ
A to enforce that observation,
2
2
Tψ
A (t) := (qr (t) − lb ) + (qθ − ψ) .

(8.3.1)

Using that guard condition, we now define the angle-switched climber.
Definition 9. The angle-switched model is specified as
ψ
ψ
Mψ
A := (FL , TA , SL ),

where FL is defined in (6.2.4), (6.3.4) and (6.3.5), TA is defined in (8.3.1) and SS is defined
in (6.3.6).
The angle-switched climber terminates its stride when both qr = lb and qθ = ψ, ensuring
that the next stride, following the application of Sψ
L , is begun with qθ = −ψ.
ψ
By construction, a stride of Mψ
A requires at least as much time as a stride of ML

with the same initial conditions. Both climbers have the same continuous flow, but the
prescribed-length model ends its stride immediately upon its length reaching lb , while the
angle-switched climber continues to rotate pendulously with length lb until it satisfies the
other term of the threshold function also becomes 0. Since this is the simple rotation of
a pendulum in gravity, there can be no change in the total energy of the system: both
models add an identical amount of energy throughout a given stride, and the distinction
in threshold functions can only alter the distribution of potential and kinetic energy at the
end of the stride.
Since every step of Mψ
A begins with |qθ | = ψ, and pr = 0 at the beginning and end of
each stride by prescription, its return map is effectively 1-dimensional and we need only
consider the tangential velocity pθ of the climber. Referencing the complete 3-dimensional
return map (6.2.8), its flow component (6.2.7), and projection operators (6.2.10), we write
down the flow component gA of the 1-dimensional return map rA :
gA : R+ → R+
rA : R+ → R+
gA (pθ ) := π4 ◦ GA ◦ π4†ψ (pθ )

(8.3.2)

π4†ψ (pθ )

(8.3.3)

rA (pθ ) := π4 ◦ RA ◦

These functions can be readily approximated numerically from simulation. However, obψ
serve from (6.3.6) that the restriction of the switch map associated with Mψ
A , π4 ◦ SL , is

linear. Hence we may formally rewrite (8.3.3) in its (appropriately projected) factored
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Figure 8.3: “X” denotes the equilibrium beginning-of-step tangential velocity of Mψ
L , comψ
−1
puted as π2 (−A b) ≈ π2 ◦ rL . “·” denotes the (lower) beginning-of-step equilibrium
+
tangential velocity of Mψ
A , given by min{v ∈ R |rA (v) = v}

form (6.2.8) as
pθ [k + 1] = rA (pθ [k]) = cos(2ψ) · gA (pθ [k]).

(8.3.4)

Thus, for any nonzero sprawl angle, the climber’s rotational momentum is damped by a
scalar linear map whose value, cos 2ψ, now effectively assumes the role of a “coefficient of
restitution” acting on the climber’s tangential velocity between one stride and the next.
ψ
We now compare the equilibrium and eigenvalue loci of Mψ
L and MA to assess the extent

to which the behavior of the angle-switched model resembles that of its prescribed-length
parent.
Figure 8.3 contains the projection of the prescribed-length fixed point onto the velocity
axis (i.e. π2 (−A−1 b)) juxtaposed against the corresponding equilibrium velocity of the
angle-switched climber’s return map, with both velocities plotted as a function of sprawl.
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While the two models’ equilibrium velocity magnitudes are not identical, they demonstrate
similar trends.4

8.3.2

Stability comparison

Given the correspondence of the locations of the two models’ equilibria, we investigate
whether they share stability properties.
Assessing the stability of the prescribed-length model is straightforward given a linearization about its equilibrium point; we need only examine the eigenvalues of A from
(8.1.2). An eigenvalue outside of the unit circle on the complex plane indicates instability. Figure 8.5a shows the magnitude of the larger eigenvalue as a function of sprawl and
indicates that the prescribed-length climber is stable for sprawl angles above 18◦ . Peak
eigenvalue magnitudes decrease monotonically as a function of sprawl angle until the very
large sprawl of roughly 37.5◦ , indicating that a moderate to large sprawl angle does improve
stability. The bifurcation diagram of Mψ
L is given in Fig. 8.4a.
Discussing the bifurcation to stability of the angle-switched model requires more explanation entailing the global stability properties of its 1-dimensional return map instead of
just local stability about an equilibrium point. In Fig. 8.6, we depict the one-dimensional
return map rA of the angle-switched climber for several sprawl values. In addition, we also
plot the return map’s dynamic factor, gA (8.3.2). The angle-switched return map can be
categorized into one of the following three groups:
• 1 unstable equilibrium point when ψ = 0, demonstrated in Figure 8.6a.
• 1 unstable, and 1 stable equilibrium point when ψ is “small” and positive, where
small depends on system parameters. Demonstrated in Figure 8.6b.
• 1 stable equilibrium point for sufficiently large ψ. Demonstrated in Figure 8.6c.
As ψ approaches 45◦ , the return map exhibits near-deadbeat behavior, as shown in
Figure 8.6d. If ψ = 45◦ , the return map is perfectly deadbeat since the coefficient of
restitution is 0.
Thus, rA has either one or two equilibrium points, the return map slopes at which
are given as a function of sprawl angle in 8.5b. The existence of an unstable equilibrium can be gauged from the approximate vertical asymptote drawn in Fig. 8.4b, but
4

The two models’ equilibrium velocities are brought into even closer alignment if the angle-switched
model is fitted with an angular offset : forcing strides to end with qθ = ψ −  via the threshold function,
and therefore begin every stride with qθ = ψ + , MA then matches ML very closely.  is described in the
behavior of the body-switched climber in Section 8.3, where  demonstrated by an equilibrium gait varies
with sprawl angle and other model parameters.
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ψ
Figure 8.4: The bifurcation diagrams of both Mψ
L and MA . Note that the former system has
a 2-dimensional return map, the stability of which we depict with a plot of the numerically
determined eigenvalues of its sole equilibrium point. The latter system has a 1-dimensional
return map, leading us to plot and indicate the stability of its (multiple) equilibrium points.
(a) The eigenvalues of A (the affine approximation to rψ
L ) plotted on the complex plane for
sprawl angles from 0◦ to 45◦ , with a segment of the unit circle included. As eigenvalues
transition into the unit circle, the system becomes stable. This transition occurs at roughly
ψ = 18◦ . (b) The equilibrium locations of rA . Initially there are two equilibrium points,
and a bifurcation to global stability occurs at roughly ψ = 17.5◦
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Figure 8.5: (a) The larger magnitude eigenvalue of A, and (b) the return map slope (r0A )
at each of its equilibrium points. Shading denotes regions of instability for both models.
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Figure 8.6: Return maps (8.3.3) and their dynamic factors (8.3.2) shown for the angleswitched climber at 4 separate sprawl angles. Stable equilibria are marked by diamonds,
and unstable equilibria are marked by squares. (a) ψ = 0◦ , (b) ψ = 9◦ , (c) ψ = 21◦ , (d)
ψ = 39◦ . These plots illustrate the three distinct return map behaviors: (a) shows a single,
unstable fixed point at 0, (b) demonstrates two fixed points, one stable, the other unstable,
and (c) and (d) show a single, stable fixed point. Note that (d) approaches global deadbeat
stability.
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determining the location of that asymptote is nontrivial. Simulations of the system encounter numerical difficulty when initialized to ever-larger initial velocities, so we note and
exploit a feature of the angle-switched climber’s return map. The return map dynamic
factor’s slope approaches a constant value larger than unity in the high-velocity limit, i.e.
0 (v) = v ∗ > 1. v ∗ and the corresponding asymptotic slope for the return map
limv→∞ gA

are plotted as a function of sprawl angle in Fig. 8.7. It follows from the definition of
the return map that its slope is simply the dynamic component’s slope multiplied by the
effective coefficient of restitution, cos 2ψ. Noting that if the return map has a slope greater
than 1 in the limit, there must be an unstable equilibrium point, we can compute the
sprawl ψ ∗ at which a bifurcation to stability occurs, ψ ∗ = arccos( v1∗ )/2. This method of
computing the bifurcating sprawl angle of Mψ
A is much more computationally efficient than
full return-map computations near a suspected bifurcating parameter value. An unstable
equilibrium point exists for sprawl angles less than 17.5◦ , above which sprawl value the
climber has only a single stable equilibrium point.
Figure 8.8 plots the sprawl angle at which bifurcation occurs in both angle-switched
and prescribed-length models against the ratio ls /lb for several values of ω.5 Note first that
the angle-switched climber and the prescribed-length climber show nearly identical curves,
ψ
∗
implying a strong correspondence between Mψ
L and MA : the minimum sprawl value ψL
ψ∗

ψ∗

∗ at which M A
at which MLL is stable corresponds closely with the minimum sprawl ψA
A

exhibits a return map over a range of model parameters. Thus we deem Mψ
A unstable for
whenever its return map exhibits a second, unstable equilibrium point. Most interestingly,
the climber’s driving frequency appears to have a nearly negligible effect on the bifurcating
sprawl angle demonstrating that driving frequency does not substantially alter a climber’s
stability properties. We discuss the significance of that result in the conclusion.
The correlation of stability between angle-switched and prescribed-length climbers is
somewhat vexing: why, for a given set of parameters, should the presence of even a distant
unstable equilibrium point in the angle-switched return map predict instability in the
prescribed-length climber? While we can not provide a fully satisfactory answer, we do note
that there is some physical basis for this phenomenon. While the angle-switched climber
gains a fixed potential energy every stride, the prescribed-length climber can effectively
exchange potential and kinetic energies and end a stride with a variable combination of
the two, depending on the angle at which the stride terminates. To put these potential
and kinetic energies in numerical perspective, the angle-switched climber gains 3.11 J of
potential energy per stride with a sprawl angle of ψ = 20◦ . Its equilibrium rotational
kinetic energy at the start of the stride is, in contrast, roughly .03 J, implying that the
ψ
This is a slight abuse of notation. While Mψ
A and ML were originally defined with specific numerically
established parameters, for this plot we relax that definition and vary the models’ physical parameters.
5
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Figure 8.7: Return map slopes with and without the coefficient of restitution. The 0-sprawl
climber’s return map (8.3.3) rA is identical to its dynamic factor (8.3.2) gA . Note that the
asymptotic slope of gA is steady at approximately 1.23, and is always larger than 1. This
slope requires a sprawl of 17.5◦ to bring the slope of rA below 1 and therefore eliminate the
unstable equilibrium point, a value agreement with the ≈ 18◦ measured stability threshold
of Mψ
L .

planar climber gains 2 orders of magnitude more potential energy every stride than it
contains in rotational kinetic energy. Thus, any small exchange of potential energy for
kinetic can dramatically affect the rotational velocity of the climber, perhaps allowing it
to fall on the unstable side of a seemingly distant unstable equilibrium point.
We also must note that while MA appears to predict the equilibrium tangential velocity
(Fig. 8.3) and bifurcation sprawl angle (Fig. 8.8), models’ return maps do not exhibit
similar rates of convergence for stable gaits. The angle-switched climber is almost deadbeat
with a return map slope at equilibrium near 0, while the eigenvalues of the prescribedlength climber stay relatively near the unit circle. However, we believe that the slow
convergence demonstrated by the prescribed-length climber is a result of angular position
dynamics which are explicitly withheld from the angle-switched climber via the angular
requirements it applies at the end of each stride.
Finally, it is important to recognize that the sprawl-induced stabilizing bifurcation
described here is not dependent upon a DynoClimber-scale model. Should the masses,
lengths, and actuators within the model be scaled such that all system frequencies (e.g.
actuator, pendular) maintain constant ratios, the model remains dynamically similar to
its original version, with unchanged stability properties. Noting that DynoClimber was
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Figure 8.8: The sprawl angle at which a bifurcation to stability occurs as a function of ls /lb
in both Mψ
A and ML , with different curves representing different actuator driving frequencies. Note that the two models’ respective curves are very similar in trend and magnitude
over a large range of parameters, indicating the models’ persistent correspondence. Also
note that frequency apparently plays little role in establishing the stability properties of a
climber.
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FL parameter
m
ls
lb
ω/(2π)

DynoClimber scale
2.6 kg
13 cm
50 cm
3 Hz

Roach scale
2.6 g
1.3 cm
5 cm
9.5 Hz

Table 8.1: Scaled parameters
designed to anchor [32] a dynamically scaled variant to the original F-G template (see
Chapter 3), the stability properties exhibited by our DynoClimber-scale model preserve
those of a smaller-scale version.6
Table 8.1 summarizes the parameter changes which result in a roach-scale, prescribedlength climber. Due to the simplicity of the prescribed-length climber, it is fully specified
by its 3 physical parameters, m, ls and lb ; the actuation frequency, ω; and the sprawl
angle ψ, and since sprawl effectively represents a ratio of lengths, it is preserved under a
given scaling. Following [68], were we to decrease model mass m from 2.6 kg to 2.6 g (from
DynoClimber to cockroach-scale), the climber’s lengths ls and lb would scale by a factor of
0.1 and stride frequency ω would scale by a factor of 3.16.

6
While we do not pursue such a transformation here, a model may be rendered with “scale independent”
state variables (see [48] for an example).
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Part III

Applications of Reduced-Order
Models

104

Overview
A principal advantage of constructing and analyzing simplified models is the ability to
isolate causation. By stripping away morphological and dynamic complexity, we are able
to better isolate the cause of any observed phenomena. In Part III, we adapt this template
to generate additional design and biological insight pertaining to the interaction of actuator
and pendular dynamics.
In this thesis, we have begun to explain the consequences of employing a sprawled
posture while climbing. The first proposed effect of sprawl [37] — and one that we address
in Part II of this thesis — is one of stability. Here we investigate other ramifications of a
sprawled posture.
Intuitively we might expect the production of large lateral forces during vertical climbing to reduce the vertical velocity of a climber: the climber’s mass follows a longer, more
circuitous route and energy is lost via the “coefficient of restitution” at stride transition
(discussed in Part II). Indeed, in Chapter 8 we show through simulation evidence that
an equilibrium sprawled stride begins and ends with a body angle of roughly the sprawl
angle ψ. For the prescribed-length climber, vertical progress is equal to roughly ls cos ψ;
all other parameters equal, the vertical velocity of a climber with leg length prescribed in
time is monotonically decreasing in sprawl angle.
Simulations conducted during the design of DynoClimber contradict this intuition:
increasing sprawl angle has been shown to improve vertical climbing speed [25]. We hypothesize that this effect is due to the effect of pendular motion on actuator; an actuator’s
power output can be strongly dependent on both the regime over which it operates. The
hybrid-rotational dynamics of the climber may affect that actuator’s power output by influencing its operating regime. Thus, in Part III we aim to understand the effect of distinct
actuator dynamics on a climber’s behavior. We propose the hypothesis that sprawl acts
as a gear ratio against gravity, enabling climbers are able ascend vertically at higher rates
of speed than they are able to achieve by moving directly vertically.
Since the effect of “gearing” as per our hypothesis presumably varies based on the
actuator being discussed (as does the effect of gearing in most any context), we employ two
distinct actuator models: a DynoClimber-like motor, and a roach-like muscle. Since, as we
demonstrate in Chapter 8, the standard switching function (“body-switching”) gives way
to instability for small values of sprawl, we introduce an alternate reset function (“worldswitching”) which mimics the stable equilibrium gaits of the body-switching scheme at
large values of sprawl, but maintains stability even at lower sprawl values (permitting us
to assess the effect of sprawl on actuator dynamics for smaller sprawl values). Notably,
world-switching simply a convenient mathematical device, but actually implies a method
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of stabilizing a less-sprawled climber using fairly minimal feedback.
Much of the content found throughout these chapters is drawn from [69].
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Chapter 9

Biologically- and
Synthetically-derived Models
We now introduce the exact actuator functions which we will employ to investigate the
relationship between climbing speed and sprawl angle. The first actuator model we construct corresponds to the motors used in DynoClimber [68]. The second is a Blaberus
discoidalis cockroach muscle model which has been used in simulations of a different biological template [92, 61]. We must also specify mechanisms by which the motor and muscle
relate their internal forces and torques to the climber’s linear leg shortening seen in the
planar climbing model. Casting the muscle-skeleton interaction in engineering parlance,
the exoskeleton acts as a transmission.

9.1

Motor-equipped climber

We use the standard second order linear motor model (see, for instance, [78]). Under this
model, a constant voltage applied over the motor terminals generates a linear relationship
between rotational speed and torque. We describe torque as a function of rotational velocity
for a motor at constant voltage,
ω
τmotor (ω) = τstall · (1 −
),
ωnl

(9.1.1)

in which τstall is the stall torque of the motor in Nm, ωnl is the no-load speed of the motor
in rad/s, and ω is the motor’s rotational speed in rad/s.
This torque is converted to a linear force by means of a gear-reduction and a rack-andpinion with gear radius Rrp . Thus, motor angular velocity is given by ω = −pr /Rrp . The
output force from the rack-and-pinion is a linear function of the input torque, resulting in
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m
lb
ls
ωnl
τstall
G
Rrp

Robot-like parameters
body mass
2.6 kg
body length
40 cm
actuator stroke length
13 cm
no load rotational speed 1250 rad/s
stall torque
.321 Nm
gear ratio
56.57:1
pinion radius
4.14 cm

Table 9.1: Motor-powered model parameters

an actuator force which is a function only of actuator velocity,
fa,RP (pr ) := τstall · (1 +

pr
G
)·
,
Rrp ωnl Rrp

(9.1.2)

where G is the gear reduction used and Rrp is the radius of the pinion gear. The chosen
parameters (see Table 9.1) represent the motors and gearing used in DynoClimber [68].
This mechanism is chosen over the more realistic crank-slider presented as the basis of FS
in Chapter 6 because it emphasizes the fundamental speed/force tradeoff inherent to a
motor without the added complexity of a crank-slider.
We use FRP to denote the flow associated with dynamics from eq. (6.2.4) and the
actuator force in eq. (9.1.2).
Like the model in Chapter 6, this model climbs in a qualitatively similar way to DynoClimber. The simulation forces and velocities agree with robot data in both phasing and
magnitude. The simulated climber ascends roughly 24% more quickly than the robot;
this discrepancy is nearly fully attributable to the choice of a rack-and-pinion instead of a
crank-slider actuator transmission.

9.2

Muscle-equipped climber

Mathematical models for muscle function have been used since Hill’s 1938 paper [45] derived
— largely empirically — a force-velocity relationship for muscle contraction. In 1957,
Huxley bolstered and refined Hill’s equations while proposing a mechanistic view of muscle
contraction: the Sliding-Filament Model [49]. The Sliding-Filament Model additionally
implies a relationship between force and muscle length which complements Hill’s forcevelocity relationship.
While more complex models exist that take into account (among other features) intramuscular geometry, the approach commonly taken when building a macro-scale simulation
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m
lb
ls
vmax
F0

Roach-like parameters
point mass
body length
actuator stroke length
maximum velocity of shortening
isometric contraction force

2.5 g
4 cm
1.5 cm
.0587 m/s
.46 N

Table 9.2: Muscle-powered model parameters

is to write muscle force (Fmus ) as
Fmus = Fl (l) · Fv (v) · Fa (t) · α,

(9.2.1)

where Fmus is the total muscle force; l is muscle length and Fl is the force-length relationship; v is the muscle contraction velocity and Fv is the force-velocity relationship; and Fa is
the muscle’s activation as a function of time. We incorporate the scale factor α in order
to represent multiple-leg recruitment. Similar models have been adopted to both analyze
human gaits for prosthesis design [31], and to test prospective running templates [92].

9.2.1

Force-velocity relationship

The hyperbolic force-velocity relationship in a concentrically contracting muscle1 was described originally by Hill in [45]. This force-velocity relationship is, for our purposes, the
dominant factor in muscular force production. Using the model from [92], the muscle’s
force-velocity relationship is given by:

Fv (v) =





.52(vmax −v)
.52vmax +v ,




.114vmax −1.5v
.114vmax −v ,

v≥0
(9.2.2)
v<0

Given the multiplicative form of Fmus , Fv is unitless and normalized such that its peak
value is 1. That is, Fv (0) = 1. The muscle model is scaled to the correct isometric
contraction force through the force-length relationship Fl and the scale factor α . A plot of
Fv is given in Fig. 9.1.
1

“Concentric” contraction refers to a muscle which is producing force and shortening simultaneously,
“eccentric” contraction refers to force production during lengthening, and “isometric” contraction refers
to force production by a muscle held at a constant length. We use the convention that a concentrically
contracting muscle has v > 0, while a lengthening muscle has v < 0.
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Figure 9.1: A plot of the muscle velocity force relationship, Fv .

9.2.2

Force-length relationship

The essential feature of the force-length relationship is that near-peak force may be exhibited by the muscle at a range of lengths which lie roughly in the center of the muscle’s
total expansion range. We once again use the same function as ref. [92],
Fl (l) =

F0 · (4.435 · (l/l0 )4 − 16.46 · (l/l0 )3 +
18.28 · (l/l0 )2 − 5.333 · (l/l0 ) + 0.1150),

(9.2.3)

where l0 is the muscle’s “optimal” length, or the length at which the muscle is able to
produce peak force. A plot of the length-force relationship is given in Figure 9.2.

Figure 9.2: A plot of the muscle length force relationship, Fl .
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9.2.3

Activation and scaling

Fa is the muscle’s activation – the extent to which the animal’s nervous system is calling
upon the muscle to contract. In [92], a template describing level ground running operates
with a muscle model in which Fa is a smoothed “impulse” function in time. Running, however, is largely energetically conservative. In contrast, in our study of vertical climbing, the
muscle must generate substantial power output as the climber’s body gains gravitational
potential energy constantly. Thus, we tune muscle activation to generate power output
which results in animal-like climbing from our template.
In reality an animal’s muscle functions in a work loop over the course of a periodic
motion with submaximal activation for part of each stride, we make the approximation
that each muscle is maximally activated (Fa = 1.0) throughout its stance phase. A single
actuator within our model represents the behavior of an entire tripod of cockroach legs;
we therefore choose a compensating scale factor α which generates biologically accurate
macro-scale behavior (forces, center of mass motion) from the climber. Simulating the
world-switched climber with a sprawl angle of ψ = 12◦ , we find that scale factor of α =
1.3 generates center-of-mass motions and vertical velocities whose magnitudes and phase
relationships correspond roughly to those seen in actual cockroach data. See Figure 9.3
for a comparison.

9.2.4

Transmission

Just as we did with our motor model, we ascribe a linear relationship between muscle
force and an external force applied to the world. As described in [92], the actual cockroach
muscle induces movement of the leg in an arc; we convert this arc to an effectively equivalent
straight line via a linear approximation. We use similar numbers to [92] with muscle
attached a length of lmus = .8 mm from the leg’s joint for a leg length of lleg = 8 mm.
The mechanical (dis)advantage from muscle to external world is, therefore 1:10. Looking
at the force which the cockroach-modeled climber applies to the wall as a function of state
variables,

fa,MSC (qr , pr ) =

α
· Fv (−10 · pr ) · Fl (10 · (qr − lb )) · Fa (t).
10

(9.2.4)

We use FM U SC to denote the flow associated with dynamics from eq. (6.2.4) and the
actuator force in eq. (9.2.4).
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Figure 9.3: Cockroach force and velocity on the left, world-switched template simulation
on the right. Dotted lines represent body weight. Cockroach data taken from [37]. Note
that while our template does not include a spring in series with the actuator, resulting
in discontinuous force transitions, it climbs with similar velocity magnitude and phasing
when compared to an actual cockroach.
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9.3

Body-switching

The body-switched reduced-order template is a kinematically simple hybrid model on a
vertical plane. It consists of a single point mass body and two massless legs. Each identical
leg has a segment of fixed length lb , and an actuated segment which can vary in length
from a maximum (at the beginning of the stride) of ls to a length of 0 when the leg is
fully retracted. The two legs are rigidly separated by an angle of 2 · ψ, where ψ defines the
sprawl angle. This scheme can be thought of as sensorless, as leg placement is constrained
— presumably mechanically — by a fixed angle. The body-switched climb is thus named:
the relationship of its legs is constrained in “body” coordinates irrespective of the external
world.Biologically speaking, the body-oriented switching scheme corresponds to an animal
which climbs with limited neural control and simply places each leg (or pair or triplet of
legs) and pulls at a certain effective angle.
Body-switching corresponds to the standard self-exciting switching scheme Sψ
S first
defined in eq. (6.3.3). This model is limited in its ability to address the energetic aspects
of sprawl due to the model’s instability for small sprawl angles.
A depiction of the climber in mid-stride is included in Figure 9.4.

Figure 9.4: Mid-stride for the body-switched model. The right foot is attached and serves
as a frictionless pivot while the right leg is shortening, while the left foot is detached and
its actuator is extended to its maximum length awaiting the next stride.
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9.4

World-switching

Whereas the body-switched model enforces a constant angular relationship between the
two legs, the world-switched climber places its new stance leg at an angle of ψ from vertical
at the beginning of each stride, irrespective of the former stance leg’s position, as depicted
in Figure 9.5. Defining the switching map:

Sψ
W (p)

ls + lb


 cos(qθ + ψ · (−1)n )pr − sin(qθ + ψ · (−1)n )pθ
=

−ψ · (−1)n

sin(qθ + ψ · (−1)n )pr + cos(qθ + ψ · (−1)n )pθ




.



(9.4.1)

Figure 9.5: The beginning of the world-switched climber’s left leg stance phase. Sprawl
angle is set, in this case, with respect to gravity. at the beginning of each side, irrespective
of the former stance leg’s angular position.
Recalling Section 8.3.1 a stable climbing gait generically begins and ends with qθ ≈ ψ.
Since a world-switching scheme always begins a stride with qθ = ψ, we note that two
climbers equipped with identical flows, one body- and the other world-switched, have very
nearly identical equilibrium gaits when stable.2
2
The world- and angle-switched climbers (the latter introduced in Section 8.3) are closely related. They
both model equilibrium gaits exhibited by the body-switched climber and effectively simplify the climber’s
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World-based switching represents a physically significant method of foot placement,
corresponding to a “smart” foot placement as opposed to the “blind” foot placement of
the body-switched model. The world-switched climber requires more sensory feedback and
physical dexterity than required for the body-switched climber. A climber behaving in
accordance with the world-switched model, whether robot or animal, must have the sensory
bandwidth to determine the vertical direction and the physical dexterity to position its
legs with respect to that reference. Thus, this switching methodology seems to be more
appropriate for larger animals that climb at a lower frequency (making stride-to-stride
feedback more plausible) and are able to use more neural feedback (depending less on the
“preflexes” that cockroaches seem to rely on. [60], for instance). In the context of robotics,
the distinction between these two types of models has been previously encountered in
the analysis of sagittal plane runners [5] as representing a designer’s choice between the
“cheaper” sensorless, fixed sprawl angle behavior and a more “expensive” high-bandwidth,
dexterous mechanism capable of implementing world-switched behavior. Understanding
the advantages and deficits of the two schemes is of substantial importance in the design
process.

return map. While the angle-switched climber finds use as a stability analog, the world-switched climber
is valuable for the way in which it modifies the body-switched climber’s stability properties.
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Chapter 10

Simulations
We now examine simulation results for all four climbing model alternatives. We discuss
body- and world-switched climbers, each paired with either a motor- or muscle-based
actuator. For each switch and actuator pairing, we assess the two prospective consequences
of sprawl: stability and actuator power output.

10.1

Body-switched motor-powered climber

As expected from the analysis in Part II, simulations of the body-switched, motor-powered
climber (FRP , T, SS ) demonstrates instability for sprawl angles below roughly 16◦ (the
threshold is strongly parameter dependent). Indeed, such a climber with a sprawl angle of
0◦ goes unstable with only a slight lateral perturbation, as shown in the model’s center of
mass (COM) trajectory from the left plot in Figure 10.1.
However, with ψ above the apparent sprawl angle threshold, the climber converges to a
singly-periodic (non-limping) steady-state gait. A climber with a large sprawl angle of 25◦
is simulated, and its initial COM trajectory is given in in Figure 10.1. Note that, despite
an initial transient, the model eventually does converge to a stable gait; Fig. 10.1 shows
the climber nearing, but not yet achieving, a period-1 gait.
Interestingly, this rack-and-pinion-equipped climber’s behavior resembles that of the
robot less closely than does the crank-slider-equipped “self-exciting”1 model presented in
Chapter 6. Though only differing by employing a rack-and-pinion transmission instead of
the previously used crank-slider (and parallel energy-storage spring), the rack-and-pinion
simulation demonstrates vertical climbing speeds 24% faster than the robot, while the
previously-simulated crank-slider climber only climbs 4% faster than DynoClimber. While
we use a rack-and-pinion here to allow a more unfettered study of the interaction between
1
The rack-and-pinion based model is also self-exciting; the crank-slider based climber is assigned the
moniker “self-exciting” to more clearly oppose the subsequently presented “prescribed-length” model.

116

Figure 10.1: The body-switched motor-powered climber’s point mass traced along the
Y − Z plane as it climbs. Green dots show the attachment points used by the climber.
The sprawl angle of the left climber is ψ = 0◦ and for the right it is ψ = 25◦ . The climbers
began with a slight lateral perturbation, yet evidently the non-sprawled climber becomes
unstable, while the sprawled climber converges to a singly periodic gait.
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actuator and pendular dynamics, the substantially diminished correspondence to DynoClimber underscores the importance of actuator dynamics — in this case, transmission
properties — in establishing a climber’s behavior.

10.2

Body-switched muscle-powered climber

As expected from the analysis in Part II, the body-switched, muscle-powered climber
(FM U SC , T, SS ) also demonstrates instability when equipped with too-low a sprawl angle.
It is unsurprising based on the previous part but reassuring nonetheless that despite the
substantial differences between muscle and motor dynamics, both body-switched climbers
demonstrate a dependence on sprawl angle to achieve stability.
Both the motor- and muscle-like actuators’ power efficiencies are significantly degraded
in the presence of the dynamical instabilities arising from insufficient sprawl in these bodyswitched simulations. Moreover, the substantial regions of instability depend upon not
simply the sprawl angle, our central focus, but also upon lb (the climber’s body-length),
the model parameter with the least obvious relationship to a more anchored biological
or robotic model. Preliminary numerical experience suggests this dependence arises in a
complicated manner whose analysis lies well beyond the scope of the present paper. Thus,
we are led to examine a variant switching model that relaxes the dynamical sensitivity of
this reduced template at the “cost” of introducing into the model a more active sensory
channel, again reminiscent of similar disjunctions in models of sagittal plane running [5].

10.3

World-switched motor-powered climber

The muscle-equipped world-switched climber (FRP , T, SW ), in contrast to its body-switched
variant, converges to a stable, singly periodic gait over a large range of sprawl angles, from
0◦ to over 45◦ . This range of stability makes the world-switched model attractive as a
first-cut simulation vehicle for examining the power implications of body morphology and
consequent lateral (“parasitic”) forces, as sprawl can be varied over a large continuum of
values without causing instability.
By simulating the climber over a range of sprawl angles and assessing its steady-state
speed for each angle, we generate Figure 10.2, a plot of vertical climbing speed versus
sprawl angle. This data strongly confirms our hypothesis for the motor-powered climber:
a nonzero sprawl angle can substantially improve climbing speed.
This result corroborates previous reports [24, 22] that increased sprawl angle improves
climbing speed in simulation. In order to fully understand this phenomenon, we examine
the range of actuator shortening velocities that are achieved at different sprawl angles,
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Figure 10.2: Steady-state vertical climbing velocity plotted versus sprawl angle for the
world-switched motor-powered climber. Note that a sprawl angle of roughly 30◦ maximizes
vertical climbing speed.

and how those changes in velocity affect power output. Figure 10.3 contains an unusual
plot: the x-axis gives the actuator shortening velocity, while the y axis plots the number of
occurrences of a specific velocity for climbers with several different sprawl angles. That is,
we examine histograms of shortening velocities. Superimposed is a scaled plot of actuator
power output as a function of shortening velocity.
The effect of sprawl angle on shortening velocity is clear; the highest achieved shortening
velocities in each stride monotonically increase as sprawl angle increases. Since a sprawled
stride means that the actuator is fighting gravity at an angle instead of directly vertically,
it is intuitive that the actuator should shorten more quickly, much as a car winding up a
mountain road with switchbacks is able to travel at a greater speed than it could were it
going directly up the hill.
Figure 10.2 indicates that a sprawl angle of approximately 30◦ maximizes climbing
speed, providing a roughly 12% improvement in vertical speed compared to a purely vertical climber. The cause of this phenomenon is not obvious from the histograms in Figure
10.3. Indeed, the 30◦ sprawled climber generates less power at its most frequently achieved
speed than its less-sprawled relatives. Upon further inspection, though, a most important
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Figure 10.3: The motor-powered climber’s shortening velocities at four different sprawl
angles are represented by separate histograms. Actuator power output is overlaid in red.
feature of the 30◦ sprawled climber comes into view: its velocity profile is less concentrated, resulting in less time spent at lower velocities – and closer to the power peak. This
phenomenon must be attributed to the interplay of the actuator and climber dynamics.
At each stride transition, the climber is approaching its “old” point of attachment when
the point of attachment instantaneously changes location. The climber’s body continues to travel roughly toward the (former) location of the old attachment point, with the
new attachment point an angular deviation away, resulting in an initially low shortening
velocity.
The underlying actuator property which then results in more rapid climbing must not
be overlooked: a motor must be geared to operate at a much higher speed than the speed at
which it produces maximum power. For instance, the motor used in our synthetic actuator
model (when driven at 30V), reaches its peak power at a rotational speed of 99.5 Hz, but
destroys itself if it sustains a speed of less than 182 Hz when supplied with full voltage
(see motor part number 118752 in [70]). This means that a climber driven by a motor —
provided that the motor is geared such that it does not overload thermally — must operate
on a sharply sloped region of the power curve, making the actuator’s power output highly
sensitive to variations in velocity. Decreased shortening velocity at the outset of each stride
pushes the motor into a higher power regime and enables it to produce substantially more
power.
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10.4

World-switched muscle-powered climber

The final model we look at is (FM U SC , T, SW )The muscle-based actuator used here does
not alter the stability found in the world-switched motor-powered climber; once again, the
climber demonstrates stability over a similar, large range of sprawl angles. We now analyze
similar simulations with the cockroach-like actuated climber.
Once again, we examine a plot of vertical climbing speed versus sprawl angle (Figure 10.4). In contrast to the synthetically actuated climber, the muscle-powered climber
exhibits its fastest vertical climbing speed with a sprawl angle of 0◦ , and climbing speed
monotonically decreases with sprawl angle beyond that. Interestingly, up until a sprawl
angle of roughly 15◦ , changes in sprawl angle do not have a dramatic effect on vertical
climbing speed. Though the animal does not seem to benefit energetically from a sprawl
angle, it also does not seem to pay a speed penalty if it employs (a biologically accurate)
10◦ to 15◦ sprawl.

Figure 10.4: Steady-state vertical climbing velocity plotted versus sprawl angle for the
world-switched muscle-powered climber. Despite being tuned at a sprawl angle of 12◦ , a
sprawl angle of 0◦ maximizes vertical climbing speed.
Looking at the histogram and power versus shortening velocity plot in Figure 10.5, the
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first note to make is the optimality of a cockroach’s musculoskeletal design. Recall that
only the cockroach muscle’s activation was tuned to generate vertical velocities of roughly
20 cm/s, and all other parameters were selected to reflect physiological measurements of
other researchers. It is remarkable, then, that for a level of activation which generates a
biologically accurate climbing speed, the muscle is operating almost exactly at its peak
power point. This finding is in line with existent data in muscle physiology. In [65], for
instance, the frog musculoskeletal system is shown to be precisely tuned for a specific
task: as a frog jumps, its muscles are operating at their maximum power output. Without
evidence to the contrary, it is sensible to suppose that a cockroach in an evasive climbing
situation would similarly achieve maximal power output. The fact that simulation indicates
such a confluence partially validates both the muscle and transmission models used.

Figure 10.5: The muscle-powered climber’s shortening velocities at three different sprawl
angles are represented by separate histograms. Actuator power output is overlaid in red.
The next notable feature of Figure 10.5 is that, just as in the motor-powered climber’s
case, increasing sprawl angle seems to increase the peak actuator speed as well as spread
out the range of velocities achieved. However, unlike the motor-powered case, the musclepowered climber does not improve its total power output. This is attributable to two
features of the cockroach-like climber’s actuation: first, as mentioned before, the climber
operates near the speed at which it generates peak power, even at a sprawl of 0◦ . The
second facet of muscle is that its power curve is broader than that of a motor. Specifically,
a muscle’s force-velocity curve is hyperbolic in shape, resulting in a flatter power peak
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than the motor with its linear torque-velocity profile and corresponding parabolic power
curve. Perturbations from 0◦ , though they shift the operating regime of the actuator, are
unable to push the muscle into a higher power regime and can function only to decrease
total power output.
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Chapter 11

Conclusion
Having conducted robot design, simulation, and analysis, we return to our contributions
and trace them throughout the paper.

11.1

Actuation

We first summarize our results pertaining to the actuation of vertical climbers. Together,
these results demonstrate that power-maximizing (and therefore necessarily self-exciting)
actuators are able to improve a climber’s vertical velocity without detriment to stability.
The process of adapting the F-G template as a morphological model for DynoClimber
(Chapter 3) revealed that achieving adequate power density is a primary design challenge;
a 2 kg climber requires more than three times the power density of a 2 g cockroach to
climb in a dynamically similar way (3.2.1). To meet this challenge we first equipped the
robot with both powerful motors, and an energy-storage and release mechanism (Section
3.3). The motors, however, must be controlled wisely to both maximize power output and
achieve the desired coordination between legs. The most common legged robot control
paradigm — a time-parameterized leg position mated to a tracking controller — requires
extensive tuning to achieve desirable gaits [99], and the resultant gaits can be quite fragile and provide no actual guarantee of power output maximization. Thus, Section 4.2
presents a novel self-exciting coordination controller which maximizes motor power output
while maintaining leg orbits at 180◦ out of phase. In Chapter 5, we show that the robot
climbs more than 20% faster when using our self-exciting controller instead of a traditional
prescribed-length controller, implying that the power-maximizing controller improves the
apparently available power density1 by the same 20%.
In exchange for the power maximization afforded, this controller permits an interplay
1

As shown in Section ??, power density and vertical speed scale together.
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of system and actuator dynamics by subjecting the robot to the fundamental speed/force
tradeoff inherent to the specific actuator. To ensure that actuator dynamics do not introduce blatant instabilities, Section 4.1 shows that a vertical climber equipped with a
linear approximation of the robot’s drivetrain converges globally to a stable, period-1
gaits. Chapter 7 expands upon this previous, DynoClimber-specific power-stroke result
and demonstrates that a broad class of power-limited actuators are guaranteed to produce
stable, period-1 gaits when applied to vertical locomotion. The simulation result depicted
in Fig. 8.8 further liberates designers from concerns of actuator stability by showing that
driving frequency has no bearing on climber stability.
Finally, Chapter 6 shows the remarkable accuracy with which a simplified model
equipped with a high-fidelity motor and transmission model can predict the behavior
of a substantially more complex robot, thereby emphasizing the extreme importance of
actuator characteristics in the speed and force patterns — if not stability — of a climber.
Thus we have amassed substantial evidence that actuator power output is a major
determinant in the behavior of a climber, that maximizing the power output of a powerlimited actuator is unlikely to alter the climber’s stability properties, and that it is possible
to design power-maximizing controllers which achieve a desired coordination goal. We hope
that this work will inform the design of future robotic climbers and inform the work of
biologists in several key ways.
Designers of future dynamic climbing robots will be well-served to focus on the poweroutput and transmission of their robots’ prime movers as they design a robot’s electromechanical and control systems. Our work effectively frees engineers from stability concerns
stemming from actuator choice, but simultaneously emphasizes the critical relationship
between actuator and climbing performance.
In a more speculative biological vein, we find that the results pertaining to actuation have some bearing on the longstanding question [54, 84] concerning where on the
“feedforward-feedback” axis a dynamic climber’s control strategy ought to lie. In the setting of level-ground locomotion, runners may significantly influence their running speed and
efficiency by careful tuning of an internal gait clock [99]. Conversely, there is both mathematical and empirical evidence [56] that an improperly tuned feedback-driven vertical
hopper (the level-ground equivalent of the climbing power-stroke model) can demonstrate
limping or outright instability, lending further urgency to the effort to develop internally
clocked (strongly feedforward) mechanisms for limb coordination[5]. As we have demonstrated throughout this thesis, however, a climber’s vertical speed is directly dependent
upon its actuators’ power output2 . Thus climbing seems to incur a new dilemma relative
2
Indeed, muscle power output appears to be the limiting factor in the vertical speed of climbing
geckos[50].
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to level ground locomotion: a climber must somehow reconcile its leg-coordinating internal
clock (an apparently crucial feature for level-ground locomotion) with the independent timing required to maximize its actuators’ power output. Happily, the power-stroke result in
Chapter 7 suggests that vertical climbers can give complete stride-timing authority to the
dynamics associated with a maximally stimulated prime mover with no limping or instability. The plot in Fig. 8.8 strengthens this argument further; not only is the power stroke
model stable for a broad class of actuators, but the resultant actuation frequency also
seems to have little bearing on a climber’s rotational stability. These arguments, in turn,
suggest a feedback-driven CPG (arising from the “self-excited” power-output maximizing
actuators’ clocks) might be the rule in animal climbing.

11.2

Biological contributions of sprawl

The results in this thesis pertaining to sprawl angle also pave the way for a set of contributions to the related fields in biology.
First, Chapter 5 demonstrates that the F-G template is able to function as a morphological model for robotic vertical climbers. This result is a substantial contribution on its
own — the success of DynoClimber confirms the planar template dynamics in a physical
model.
Interestingly, though, DynoClimber revealed that non-planar rolling dynamics are readily excited.3 During experiments with DynoClimber, we reduce the significance of the
rolling dynamic mode with a “roll stabilization bar” (visible in Fig. 5.1) that enforces
purely planar motion. Turning to biology for guidance, we notice in the data from [11]
that geckos running on a vertical surface appear to induce roll as they trot vertically by
pushing against the substrate with their attached rear leg and pull toward the wall with
their attached (opposite) front [11]. Our experience with DynoClimber therefore leads
us to introduce the questions: why do geckos appear to induce rolling motions as they
climb? Do different animal species exhibit sufficiently common roll dynamics to warrant
the construction of a template describing them? Can the rolling dynamics be assessed
separately the lateral plane dynamics, or are they inextricable? While this thesis focuses
on the lateral planar dynamics of vertical locomotion, we believe these questions may hold
promise for future researchers.
Returning to the planar climbing described by the F-G template, Section 8.2 demonstrates through both simulation and the analysis of a variant to the prescribed length
climber introduced in Section 6.3.2 that without sprawl, a climber’s angular dynamics are
3
ROCR [81] and ParkourBot [29] also demonstrate undesired rolling modes which each robot counteracts
by contacting the substrate with a large, planar surface.
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unstable. That unsprawled climbers are unstable begs a question: how does sprawl stabilize them? Section 8.3 answers this question by demonstrating that a sprawled posture
acts to remove a small amount of rotational energy at each stride transition. Figure 8.7
summarizes the argument that the “coefficient of restitution” is critical for stability: without energy loss at stride transition, the angle-switched variant to our prescribed-length
model would always have an asymptotic slope greater than 1, guaranteeing the existence
of an unstable equilibrium point.4 The energy loss needed to stabilize the climber is sur◦

prisingly small: as discussed in Section 8.3.2, M20
A loses only 0.23% of the total energy
introduced by the actuator to the coefficient of restitution each stride. By damping only
that energy which is detrimental from a stability standpoint, a sprawled posture stabilizes
vertical locomotion in an extraordinarily efficient and specific way. We thus suggest that
a sprawled posture may grant an evolutionary advantage among climbing animals.
We also provide a crude test which may be used to compare the models defined in
Chapter 6 to animal climbers. Figure 8.8 gives the minimum sprawl angle required for
stability as a ratio of step length and body length, ls /lb .5 Roughly speaking, the larger
this ratio (i.e. trending toward a larger step and a shorter body), the larger a sprawl angle
required for stability. Conversely, for a given sprawl angle, increasing body inertia should
increase the rate at which a climber converge to a steady-state gait following a perturbation.
This relationship may find usage as a test to examine whether animals which ostensibly
anchor the F-G template in steady-state climbing have transient behavior matching that
of our reduced-order variants of the template.
Finally, Chapter 10 shows through simulation that even minimally intelligent foot placement substantially improves stability when compared to the “blind” foot placement characteristic of both the F-G template and the models in Part II.6 By simply placing their
legs using gravity as a vertical reference, even unsprawled climbers converge to a stable
gait. This observation combined with the instability of an unsprawled, “blind” climber established in Section 8.2 indicate that that an animal which ascends vertical surfaces using
a bounding gait (a squirrel climbing a tree, for instance), may either anchor a yet undiscovered vertical climbing template, or place their feet using relatively basic intelligence
and sensing.

4

For reasons that we speculate about in Section 8.3 but are yet unable to articulate fully, the existence
of an unstable equilibrium in the angle-switched model strongly predicts the instability of the prescribed
length model over a wide parameter range. See Fig. 8.8 for evidence of this correlation.
5
While our model uses a ratio of lengths, the proper biological analog entails comparing step length to
rotational inertia. Since our model has a point mass, body length effectively acts to establish its rotational
inertia at the end of each stride.
6
The world switched climber’s equilibrium gaits, as we note in Chapters 9 and 10, are very similar to
the body-switched climber’s gaits over parameter regions in which both models are stable.
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11.3

Engineering contributions of sprawl

Having initiated this thesis work with the design of a vertical climber, we conclude by
discussing the engineering implications for future climbing robots.
While DynoClimber is a two legged dynamic testbed, we anticipate that future utilitarian legged climbers will employ multi-legged morphologies as do RiSE v1-2 [10] and
RiSEv3 [42]. Transferring insight from the simple morphology of DynoClimber to more
complex robotic platforms is nontrivial though the results derived throughout this thesis
bring some of that process to light.
It is evident from DynoClimber’s two-legged morphology that the robot must exhibit
pendulous behavior. With only one foot attached to the substrate at any given time,
DynoClimber naturally experiences gravity-driven rotation about its point of attachment.
It is perhaps less obvious that gravity attempts to foist similar pendular tendencies upon
every legged climber: given a single point of attachment, gravity acts to rotate the center of
mass vertically below it. Most robotic legged climbers prevent this pendulous swinging by
using multiple points of attachment to kinematically restrict rotation and thereby ensure
that the net force acting on the climber is roughly constant and aligned with the climber’s
body axis (ignoring, of course, intentional turning maneuvers) [10]. While climbers such
as RiSE v1-2 [10] and SpinyBot [52] have not reported rotational instability, they have
used low-duty cycle gaits (increasing the time-averaged number of legs attached to the
substrate), and have climbed without substantial kinetic energies.7 Section 8.2 of this
thesis argues that an unsprawled climber — a climber which always pulls in line with its
body’s axis — is rotationally unstable. This result suggests that a platform like RiSE v1-2
[10] is stable only when it maintains multiple, kinematically restricting points of attachment
to the substrate at all times (i.e. it must maintain absolutely strict static stability). Should
such a robot climb with “sloppier” attachment and lower-duty cycle gaits (both effectively
prerequisites for high speed locomotion), its unstable rotational dynamics might come to
dominate.
Thus it appears wise to permit and be prepared for a dynamic climber’s rotation in
gravity instead of kinematically restricting rotation from occurring (a strategy, we note,
with an unknown but possibly significant energetic cost). This is the approach apparently
taken by both geckos [11] and cockroaches [37]: despite presumably having the kinematic
ability to prevent rotation, both animals’ bodies appear to anchor pendulous mass-center
motions. We thus encourage future legged robot designs to allow the climber’s center of
mass to exhibit pendulous motions while climbing at high speeds, with some intentional
mechanism preventing the build-up of rotational kinetic energy. Section 8.3 makes a strong
7
RiSE v3 [42] has climbed dynamically, but its locomotion was up a vertical pole and therefore less
relevant to these planar arguments.
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case for using a sprawled posture as such a “damping mechanism”. Unlike a contactfriction-based device, for instance, a sprawled posture is substrate independent. It is also
fully passive with no electromechanical control required, and extremely efficient owing to
the fact that it removes only rotational energy and does so only at discrete intervals (stride
transitions).
We also develop insight relating a climber’s physical parameters and stability through
simulation. Figure 8.8 depicts the minimum sprawl angle necessary for stability over a
range of physical length ratios and actuation frequencies. As already discussed, this plot
poignantly indicates that stability is unaffected by actuation frequency. It also demonstrates a clear and consistent trend relating body length, leg length, and stability. The
ratio of step-length to body-length strongly determines a climber’s bifurcation to stability
as a function of sprawl. For a constant body size, decreasing step length enables a climber
improves a climber’s rate of convergence following a perturbation. Together these results
indicate that designers may choose a climber’s actuation and morphology independently
without stability concerns.
While these parametric trends are compelling, we must note that they do not tell the
whole story. The desire for climbing stability must be balanced against the number of
leg attachment/detachment events. A short-legged, rapidly actuated climber might be
more dynamically stable than its longer-legged, lower-frequency counterpart, but it must
establish and release far more footholds. We also note that while actuation frequency
does not appear to affect a climber’s planar rotational stability, the yet-unmodeled roll
dynamics mentioned in the previous section might be driven to resonance at a specific
actuation frequency, an effect with clear potential to cause difficulty in a physical climber.
Finally, while Fig. 10.2 provides an example of actuator and sprawl dynamics interacting
to improve vertical climbing speed, the prospect of a less fortuitous interaction is certainly
possible.

11.4

Summary and future work

Of the many prospective directions of inquiry we have introduced, here we highlight the
two directions of future work most directly in line with the results we have presented.
Though we have established that actuation frequency does not appear to alter climbing
stability, that result still comes as a bit of a surprise. Given the pendular nature of
our simplified models, one might intuitively expect oscillatory resonance to play a role
in climbing stability, yet in our numerical investigations, we have not found evidence of
resonant oscillations which generate instability at one driving frequency but not another.
At an analytical level, while we do not fully understand why a climber’s stability appears
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to be independent of driving frequency, we believe that the answer may be delivered by
way of the angle-switched model. Restating the question of bifurcation in language specific
to the angle-switched model: why does the return map slope in the large-velocity limit,
0 (v), appear to be roughly constant at different driving frequencies? While this
limv→∞ gA

restatement does not provide an immediate answer, our suspicion is that the angle-switched
climber may yet enable further insight.
Second, while it is undoubtedly possible (and, as we argue in the previous section, likely
beneficial) to anchor the F-G template in future, utilitarian platforms, several nontrivial
steps stand in the way. To effectively anchor the F-G template, a future climber must
possess both a suitable morphology and passive compliance in the right places, while still
containing prime movers large enough (and properly located) to generate adequate power
output. Moreover, a utilitarian climber will need to actively cope with the apparently
excitable rolling dynamics, since a long roll-stabilization bar employed on DynoClimber is
decidedly not utilitarian. By solving these design challenges, we anticipate gaining a great
deal more insight into difficulties and dynamics of vertical running.
This thesis has presented a number of results pertaining to dynamic vertical locomotion
with implications for both biologists and engineers. We have presented the worlds first
and fastest dynamic legged climbing robot, the novel control scheme used on that robot
including a proof of correctness, and an analytical demonstration that an entire class of
actuators results in stable locomotion. We then showed that, without sprawl, a pendular
climber is inherently unstable, and proceeded to identify the mechanism by which sprawl
stabilizes such climbers. Finally, we study the effect of sprawl as it relates to actuator
dynamics and determine that muscles and motors — owing to their respective force-velocity
characteristics and biasing — respond (in terms of their average power outputs) very
differently to changes in sprawl angle. Our tools have included mathematical analysis,
simulation, and robot building. We have leveraged these tools to build a substantial
understanding of the key difficulties and benefits of dynamic climbing, and it is our sincere
hope that these results prove to be useful to other roboticist sand biologists.
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